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Preface 


Financial mathematics provides a striking example of successful collaboration 
between academia and industry. Advanced mathematical techniques, developed 
in both universities and banks, have transformed the derivatives business into a 
multi-trillion-dollar market. This has led to demand for highly trained students and 
with that demand comes a need for textbooks. 

This volume provides a first course in financial mathematics. The influence of 
Financial Calculus by Martin Baxter and Andrew Rennie will be obvious. I am 
extremely grateful to Martin and Andrew for their guidance and for allowing me 
to use some of the material from their book. 

The structure of the text largely follows Financial Calculus, but the mathematics, 
especially the discussion of stochastic calculus, has been expanded to a level 
appropriate to a university mathematics course and the text is supplemented by 
a large number of exercises. In order to keep the course to a reasonable length, 
some sacrifices have been made. Most notable is that there was not space to discuss 
interest rate models, although many of the most popular ones do appear as examples 
in the exercises. As partial compensation, the necessary mathematical background 
for a rigorous study of interest rate models is included in Chapter 7, where we 
briefly discuss some of the topics that one might hope to include in a second 
course in financial mathematics. The exercises should be regarded as an integral 
part of the course. Solutions to these are available to bona fide teachers from 
solutions @cambridge.org. 

The emphasis is on stochastic techniques, but not to the exclusion of all other 
approaches. In common with practically every other book in the area, we use bino- 
mial trees to introduce the ideas of arbitrage pricing. Following Financial Calculus, 
we also present discrete versions of key definitions and results on martingales and 
stochastic calculus in this simple framework, where the important ideas are not 
obscured by analytic technicalities. This paves the way for the more technical results 
of later chapters. The connection with the partial differential equation approach to 
arbitrage pricing is made through both delta-hedging arguments and the Feynman— 
Kac Stochastic Representation Theorem. Whatever approach one adopts, the key 
point that we wish to emphasise is that since the theory rests on the assumption of 
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PREFACE 


absence of arbitrage, hedging is vital. Our pricing formulae only make sense if there 
is a ‘replicating portfolio’. 

An early version of this course was originally delivered to final year undergrad- 
uate and first year graduate mathematics students in Oxford in 1997/8. Although 
we assumed some familiarity with probability theory, this was not regarded as 
a prerequisite and students on those courses had little difficulty picking up the 
necessary concepts as we met them. Some suggestions for suitable background 
reading are made in the bibliography. Since a first course can do little more than 
scratch the surface of the subject, we also make suggestions for supplementary and 
more advanced reading from the bewildering array of available books. 

This project was supported by an EPSRC Advanced Fellowship. It is a pleasure 
and a privilege to work in Magdalen College and my thanks go to the President, 
Fellows, staff and students for making it such an exceptional environment. Many 
people have made helpful suggestions or read early drafts of this volume. I should 
especially like to thank Ben Hambly, Alex Jackson and Saurav Sen. Thanks also to 
David Tranah at CUP who played a vital rôle in shaping the project. His input has 
been invaluable. Most of all, I should like to thank Lionel Mason for his constant 
support and encouragement. 


Alison Etheridge, June 2001 


1 Single period models 


1.1 


Derivatives 


Summary 


In this chapter we introduce some basic definitions from finance and investigate the 
problem of pricing financial instruments in the context of a very crude model. We 
suppose the market to be observed at just two times: zero, when we enter into a 
financial contract; and T, the time at which the contract expires. We further suppose 
that the market can only be in one of a finite number of states at time T. Although 
simplistic, this model reveals the importance of the central paradigm of modern 
finance: the idea of a perfect hedge. It is also adequate for a preliminary discussion 
of the notion of ‘complete market’ and its importance if we are to find a ‘fair’ price 
for our financial contract. 

The proofs in §1.5 can safely be omitted, although we shall from time to time 
refer back to the statements of the results. 


Some definitions from finance 


Financial market instruments can be divided into two types. There are the underlying 
stocks — shares, bonds, commodities, foreign currencies; and their derivatives, claims 
that promise some payment or delivery in the future contingent on an underlying 
stock’s behaviour. Derivatives can reduce risk — by enabling a player to fix a price 
for a future transaction now — or they can magnify it. A costless contract agreeing to 
pay off the difference between a stock and some agreed future price lets both sides 
ride the risk inherent in owning a stock, without needing the capital to buy it outright. 

The connection between the two types of instrument is sufficiently complex and 
uncertain that both trade fiercely in the same market. The apparently random nature 
of the underlying stocks filters through to the derivatives — they appear random 
too. 


Our central purpose is to determine how much one should be willing to pay for 
a derivative security. But first we need to learn a little more of the language of 
finance. 


The pricing 
problem 
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Definition 1.1.1 A forward contract is an agreement to buy (or sell) an asset on a 
specified future date, T, for a specified price, K. The buyer is said to hold the long 
position, the seller the short position. 


Forwards are not generally traded on exchanges. It costs nothing to enter into a 
forward contract. The ‘pricing problem’ for a forward is to determine what value 
of K should be written into the contract. A futures contract is the same as a forward 
except that futures are normally traded on exchanges and the exchange specifies 
certain standard features of the contract and a particular form of settlement. 

Forwards provide the simplest examples of derivative securities and the math- 
ematics of the corresponding pricing problem will also be simple. A much richer 
theory surrounds the pricing of options. An option gives the holder the right, but not 
the obligation, to do something. Options come in many different guises. Black and 
Scholes gained fame for pricing a European call option. 


Definition 1.1.2 A European call option gives the holder the right, but not the 
obligation, to buy an asset at a specified time, T, for a specified price, K. 

A European put option gives the holder the right to sell an asset for a specified 
price, K, at time T. 


In general call refers to buying and put to selling. The term European is reserved for 
options whose value to the holder at the time, T, when the contract expires depends 
on the state of the market only at time T. There are other options, for example 
American options or Asian options, whose payoff is contingent on the behaviour of 
the underlying over the whole time interval [0, T], but the technology of this chapter 
will only allow meaningful discussion of European options. 


Definition 1.1.3 The time, T, at which the derivative contract expires is called the 
exercise date or the maturity. The price K is called the strike price. 


So what is the pricing problem for a European call option? Suppose that a company 
has to deal habitually in an intrinsically risky asset such as oil. They may for example 
know that in three months time they will need a thousand barrels of crude oil. Oil 
prices can fluctuate wildly, but by purchasing European call options, with strike K 
say, the company knows the maximum amount of money that it will need (in three 
months time) in order to buy a thousand barrels. One can think of the option as 
insurance against increasing oil prices. The pricing problem is now to determine, 
for given T and K, how much the company should be willing to pay for such 
insurance. 

For this example there is an extra complication: it costs money to store oil. To 
simplify our task we are first going to price derivatives based on assets that can 
be held without additional cost, typically company shares. Equally we suppose that 
there is no additional benefit to holding the shares, that is no dividends are paid. 


Figure 1.1 
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1.1 SOME DEFINITIONS FROM FINANCE 


Payoff 


(a) (b) (c) 
Payoff at maturity of (a) a forward purchase, (b) a European call and (c) a European put with 
strike K as a function of S7. 


Assumption Unless otherwise stated, the underlying asset can be held without 
additional cost or benefit. 


This assumption will be relaxed in Chapter 5. 

Suppose then that our company enters into a contract that gives them the right, but 
not the obligation, to buy one unit of stock for price K in three months time. How 
much should they pay for this contract? 


As a first step, we need to know what the contract will be worth at the expiry date. 
If at the time when the option expires (three months hence) the actual price of the 
underlying stock is Sr and Sr > K then the option will be exercised. The option is 
then said to be in the money: an asset worth Sr can be purchased for just K. The value 
to the company of the option is then (Sr — K). If, on the other hand, Sr < K, then it 
will be cheaper to buy the underlying stock on the open market and so the option will 
not be exercised. (It is this freedom not to exercise that distinguishes options from 
futures.) The option is then worthless and is said to be out of the money. (If Sr = K 
the option is said to be at the money.) The payoff of the option at time T is thus 


(Sr — K), = max {(Sr — K), O}. 


Figure 1.1 shows the payoff at maturity of three derivative securities: a forward 
purchase, a European call and a European put, each as a function of stock price at 
maturity. Before embarking on the valuation at time zero of derivative contracts, we 
allow ourselves a short aside. 


We have presented the European call option as a means of reducing risk. Of course 
it can also be used by a speculator as a bet on an increase in the stock price. In 
fact by holding packages, that is combinations of the ‘vanilla’ options that we have 
described so far, we can take rather complicated bets. We present just one example; 
more can be found in Exercise 1. 
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Expectation 
pricing 


The risk-free 
rate 
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Example 1.1.4 (A straddle) Suppose that a speculator is expecting a large move 
in a stock price, but does not know in which direction that move will be. Then a 
possible combination is a straddle. This involves holding a European call and a 
European put with the same strike price and maturity. 


Explanation: The payoff of this straddle is (Sr — K)4 (from the call) plus (K — 
Sr) (from the put), that is, |S; — K|. Although the payoff of this combination is 
always positive, if, at the expiry time, the stock price is too close to the strike price 
then the payoff will not be sufficient to offset the cost of purchasing the options and 
the investor makes a loss. On the other hand, large movements in price can lead to 
substantial profits. 


Pricing a forward 


In order to solve our pricing problems, we are going to have to make some 
assumptions about the way in which markets operate. To formulate these we begin 
by discussing forward contracts in more detail. 

Recall that a forward contract is an agreement to buy (or sell) an asset on a 
specified future date for a specified price. Suppose then that I agree to buy an asset 
for price K at time T. The payoff at time T is just Sr — K, where Sr is the actual 
asset price at time T. The payoff could be positive or it could be negative and, since 
the cost of entering into a forward contract is zero, this is also my total gain (or loss) 
from the contract. Our problem is to determine the fair value of K. 


At the time when the contract is written, we don’t know Sr, we can only guess at 
it, or, more formally, assign a probability distribution to it. A widely used model 
(which underlies the Black-Scholes analysis of Chapter 5) is that stock prices are 
lognormally distributed. That is, there are constants v and o such that the logarithm 
of S7/So (the stock price at time T divided by that at time zero, usually called the 
return) is normally distributed with mean v and variance o7. In symbols: 


P| = € [a, n| = r fioe (=) e€ [loga, logh 
So So 


1 ( e/a 
= ex x. 
loga V 200 p 20? 


Notice that stock prices, and therefore a and b, should be positive, so that the integral 
on the right hand side is well defined. 

Our first guess might be that E[Sr ] should represent a fair price to write into our 
contract. However, it would be a rare coincidence for this to be the market price. In 
fact we’ll show that the cost of borrowing is the key to our pricing problem. 


We need a model for the time value of money: a dollar now is worth more than a 
dollar promised at some later time. We assume a market for these future promises 
(the bond market) in which prices are derivable from some interest rate. Specifically: 


Arbitrage 
pricing 


1.2 PRICING A FORWARD 


Time value of money We assume that for any time T less than some horizon t 
the value now of a dollar promised at T is e~"? for some constant r > 0. The 
rate r is then the continuously compounded interest rate for this period. 


Such a market, derived from say US Government bonds, carries no risk of default — 
the promise of a future dollar will always be honoured. To emphasise this we will 
often refer to r as the risk-free interest rate. In this model, by buying or selling cash 
bonds, investors can borrow money for the same risk-free rate of interest as they can 
lend money. 

Interest rate markets are not this simple in practice, but that is an issue that we 
shall defer. 


We now show that it is the risk-free interest rate, or equivalently the price of a cash 
bond, and not our lognormal model that forces the choice of the strike price, K, upon 
us in our forward contract. 

Interest rates will be different for different currencies and so, for definiteness, 
suppose that we are operating in the dollar market, where the (risk-free) interest rate 
isr. 


Suppose first that K > Soe”? . The seller, obliged to deliver a unit of stock for $K at 
time T, adopts the following strategy: she borrows $So at time zero (i.e. sells bonds 
to the value $Sọ) and buys one unit of stock. At time T, she must repay $Soe” T but 
she has the stock to sell for $K, leaving her a certain profit of $(K — Soe"? ). 

If K < Soe”? , then the buyer reverses the strategy. She sells a unit of stock at time 
zero for $So and buys cash bonds. At time T, the bonds deliver $Soe” T of which she 
uses $K to buy back a unit of stock leaving her with a certain profit of $(Soe’? — K). 


Unless K = Soe", one party is guaranteed to make a profit. 


Definition 1.2.1 An opportunity to lock into a risk-free profit is called an arbitrage 
opportunity. 


The starting point in establishing a model in modern finance theory is to specify 
that there is no arbitrage. (In fact there are people who make their living entirely 
from exploiting arbitrage opportunities, but such opportunities do not exist for a 
significant length of time before market prices move to eliminate them.) We have 
proved the following lemma. 


Lemma 1.2.2 In the absence of arbitrage, the strike price in a forward contract 
with expiry date T on a stock whose value at time zero is So is K = Soe"? , where r 
is the risk-free rate of interest. 


The price Soe”? is sometimes called the arbitrage price. It is also known as the 
forward price of the stock. 


Pricing a 
European 
call 
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Remark: In our proof of Lemma 1.2.2, the buyer sold stock that she may not own. 
This is known as short selling. This can, and does, happen: investors can ‘borrow’ 
stock as well as money. 


Of course forwards are a very special sort of derivative. The argument above won’t 
tell us how to value an option, but the strategy of seeking a price that does not provide 
either party with a risk-free profit will be fundamental in what follows. 

Let us recap what we have done. In order to price the forward, we constructed a 
portfolio, comprising one unit of underlying stock and — So cash bonds, whose value 
at the maturity time T is exactly that of the forward contract itself. Such a portfolio is 
said to be a perfect hedge or replicating portfolio. This idea is the central paradigm 
of modern mathematical finance and will recur again and again in what follows. 
Ironically we shall use expectation repeatedly, but as a tool in the construction of a 
perfect hedge. 


The one-step binary model 


We are now going to turn to establishing the fair price for European call options, 
but in order to do so we first move to a simpler model for the movement of market 
prices. Once again we suppose that the market is observed at just two times, that at 
which the contract is struck and the expiry date of the contract. Now, however, we 
shall suppose that there are just two possible values for the stock price at time T. We 
begin with a simple example. 


Example 1.3.1 Suppose that the current price in Japanese Yen of a certain stock is 
¥2500. A European call option, maturing in six months time, has strike price ¥3000. 
An investor believes that with probability one half the stock price in six months time 
will be ¥4000 and with probability one half it will be ¥ 2000. He therefore calculates 
the expected value of the option (when it expires) to be ¥500. The riskless borrowing 
rate in Japan is currently zero and so he agrees to pay ¥500 for the option. Is this a 
fair price? 


Solution: In the light of the previous section, the reader will probably have guessed 
that the answer to this question is no. Once again, we show that one party to this 
contract can make a risk-free profit. In this case it is the seller of the contract. Here 
is just one of the many possible strategies that she could adopt. 


Strategy: At time zero, sell the option, borrow ¥2000 and buy a unit of stock. 


Suppose first that at expiry the price of the stock is ¥ 4000; then the contract will be 
exercised and so she must sell her stock for ¥3000. She then holds ¥(—2000+3000). 
That is ¥ 1000. 

If, on the other hand, at expiry the price of the stock is ¥2000, then the option will 
not be exercised and so she sells her stock on the open market for just ¥ 2000. Her 


Figure 1.2 


1.3 THE ONE-STEP BINARY MODEL 


x,+ 2000x, = 0 
The seller of the contract in Example 1.3.1 is guaranteed a risk-free profit if she can buy any 
portfolio in the shaded region. 


net cash holding is then ¥(—2000 + 2000). That is, she exactly breaks even. 


Either way, our seller has a positive chance of making a profit with no risk of making 
a loss. The price of the option is too high. 

So what is the right price for the option? 

Let’s think of things from the point of view of the seller. Writing Sr for the price 
of the stock when the contract expires, she knows that at time T she needs ¥(S7 — 
3000), in order to meet the claim against her. The idea is to calculate how much 
money she needs at time zero, to be held in a combination of stocks and cash, to 
guarantee this. 

Suppose then that she uses the money that she receives for the option to buy a 
portfolio comprising x; Yen and x2 stocks. If the price of the stock is ¥4000 at 
expiry, then the time T value of the portfolio is xe’? + 4000x2. The seller of the 
option requires this to be at least ¥ 1000. That is, since interest rates are zero, 


xı + 4000x2 > 1000. 
If the price is ¥2000 she just requires the value of the portfolio to be non-negative, 
xı + 2000x2 > 0. 


A profit is guaranteed (without risk) for the seller if (x1, x2) lies in the interior of 
the shaded region in Figure 1.2. On the boundary of the region, there is a positive 
probability of profit and no probability of loss at all points other than the intersection 
of the two lines. The portfolio represented by the point (x1, x2) will provide exactly 
the wealth required to meet the claim against her at time T. 

Solving the simultaneous equations gives that the seller can exactly meet the claim 
if x; = —1000 and x2 = 1/2. The cost of building this portfolio at time zero is 
¥(—1000 + 2500/2), that is ¥250. For any price higher than ¥250, the seller can 
make a risk-free profit. 


Pricing 
formula for 
European 
options 
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If the option price is less than ¥250, then the buyer can make a risk-free profit by 
‘borrowing’ the portfolio (x1, x2) and buying the option. In the absence of arbitrage 
then, the fair price for the option is ¥250. 


Notice that just as for our forward contract, we did not use the probabilities that we 
assigned to the possible market movements to arrive at the fair price. We just needed 
the fact that we could replicate the claim by this simple portfolio. The seller can 
hedge the contingent claim ¥ (Sr — 3000), using the portfolio consisting of ¥x1 
and x2 units of stock. 


One can use exactly the same argument to prove the following result. 


Lemma 1.3.2 Suppose that the risk-free dollar interest rate (to a time horizon 
t > T) is r. Denote the time zero (dollar) value of a certain asset by So. Suppose 
that the motion of stock prices is such that the value of the asset at time T will be 
either Sou or Sod. Assume further that 


dae? <u. 


At time zero, the market price of a European option with payoff C (Sr) at the maturity 


T is 
1 — de™"T ue? —] 
——— } C (Sou) + | ————— |C (Sod). 
u—d u—d 


Moreover, the seller of the option can construct a portfolio whose value at time T is 


exactly (Sr — K)+ by using the money received for the option to buy 


a C (Sou) — C (Sod) 
Oe Sou — Sod a 


units of stock at time zero and holding the remainder in bonds. 


The proof is Exercise 4(a). 


A ternary model 


There were several things about the binary model that were very special. In particular 
we assumed that we knew that the asset price would be one of just two specified 
values at time 7. What if we allow three values? 

We can try to repeat the analysis of §1.3. Again the seller would like to replicate 
the claim at time T by a portfolio consisting of ¥x; and x2 stocks. This time there 
will be three scenarios to consider, corresponding to the three possible values of Sr. 
If interest rates are zero, this gives rise to the three inequalities 


x1 + Shax > (Sh — 3000), i=1,2,3, 


where Si. are the possible values of Sr. The picture is now something like that in 
Figure 1.3. 


Figure 1.3 
Bigger 
models 
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1.5 A CHARACTERISATION OF NO ARBITRAGE 


E G0 
xi+ S x = (S.-— ), Y a 


If the stock price takes three possible values at time T , then at any point where the seller of 
the option has no risk of making a loss, she has a strictly positive chance of making a profit. 


In order to be guaranteed to meet the claim at time 7, the seller requires (x1, x2) 
to lie in the shaded region, but at any point in that region, she has a strictly positive 
probability of making a profit and zero probability of making a loss. Any portfolio 
from outside the shaded region carries a risk of a loss. There is no portfolio that 
exactly replicates the claim and there is no unique ‘fair’ price for the option. 

Our market is not complete. That is, there are contingent claims that cannot be 
perfectly hedged. 


Of course we are tying our hands in our efforts to hedge a claim. First, we are 
only allowing ourselves portfolios consisting of the underlying stock and cash 
bonds. Real markets are bigger than this. If we allow ourselves to trade in a third 
‘independent’ asset, then our analysis leads to three non-parallel planes in RÌ. 
These will intersect in a single point representing a portfolio that exactly replicates 
the claim. This then raises a question: when is there arbitrage in larger market 
models? We shall answer this question for a single period model in the next 
section. The second constraint that we have placed upon ourselves is that we are 
not allowed to adjust our portfolio between the time of the selling of the contract 
and its maturity. In fact, as we see in Chapter 2, if we consider the market to 
be observable at intermediate times between zero and T, and allow our seller to 
rebalance her portfolio at such times (without changing its value), then we can allow 
any number of possible values for the stock price at time T and yet still replicate 
each claim at time T by a portfolio consisting of just the underlying and cash 
bonds. 


A characterisation of no arbitrage 


In our binary setting it was easy to find the right price for an option simply by solving 
a pair of simultaneous equations. However, the binary model is very special and, 
after our experience with the ternary model, alarm bells may be ringing. The binary 
model describes the evolution of just one stock (and one bond). One solution to our 
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difficulties with the ternary model was to allow trade in another ‘independent’ asset. 
In this section we extend this idea to larger market models and characterise those 
models for which there are a sufficient number of independent assets that any option 
has a fair price. Other than Definition 1.5.1 and the statement of Theorem 1.5.2, this 
section can safely be omitted. 


Our market will now consist of a finite (but possibly large) number of tradable 
assets. Again we restrict ourselves to single period models, in which the market 
is observable only at time zero and a fixed future time 7. However, the extension 
to multiple time periods exactly mirrors that for binary models that we describe in 
§2.1. 

Suppose then that there are N tradable assets in the market. Their prices at time 
zero are given by the column vector 


Notation For vectors and matrices we shall use the superscript ‘t’ to denote 
transpose. 


Uncertainty about the market is represented by a finite number of possible states in 
which the market might be at time T that we label 1, 2,... ,n. The security values 
at time T are given by an N x n matrix D = (Dij), where the coefficient Dj; is 
the value of the ith security at time T if the market is in state j. Our binary model 
corresponds to N = 2 (the stock and a riskless cash bond) and n = 2 (the two states 
being determined by the two possible values of Sv). 

In this notation, a portfolio can be thought of as a vector 0 = (01, 02,... , On)! € 
IR, whose market value at time zero is the scalar product Sp - 0 = S401 + S50 + 
seep SÈ Oy. The value of the portfolio at time T is a vector in R” whose ith entry is 
the value of the portfolio if the market is in state i. We can write the value at time T 
as 


D1101 + D2102 +--+ + DN10N 
D1201 + D202 +--+ + Dy26On 


Dini + Don 62 + +++ + DnnOn 
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1.5 A CHARACTERISATION OF NO ARBITRAGE 


Notation For a vector x € R” we write x > 0, orx € R7, if x = 
(X1,...,%,) and x; > O for alli = 1,...,n. We write x > O to mean 
x > 0,x Æ 0. Notice that x > 0 does not require x to be strictly positive in 
all its coordinates. We write x >> 0, or x € Ri +>» for vectors in R” that are 
strictly positive in all coordinates. 


In this notation, an arbitrage is a portfolio 0 € RY with either 


So:-0 <0, D'O6>0 or So:-0 <0, D'0>0. 


The key to arbitrage pricing in this model is the notion of a state price vector. 


Definition 1.5.1 A state price vector is a vector Y € R" , such that So = Dy. 


To see why this terminology is natural, we first expand this to obtain 


sl 

: Di Di2 Din 
So Da1 Dz Don 

i = yı : + y2 : +-+ Yn l ; (1.2) 
SP Dyı Dy2 Dyn 


The vector, D®, multiplying y; is the security price vector if the market is in state 
i. We can think of y; as the marginal cost at time zero of obtaining an additional 
unit of wealth at the end of the time period if the system is in state i. In other 
words, if at the end of the time period, the market is in state i, then the value of 
our portfolio increases by one for each additional y; of investment at time zero. To 


see this, suppose that we can find vectors {e® e RY hH <i<n Such that 


j ; 1 ifi=j 
9. DO = |, 
O otherwise. 
That is, the value of the portfolio 6 at time T is the indicator function that the 
market is in state i. Then, using equation (1.2), the cost of purchasing 6“) at time 
zero is precisely So - gO = Ors Yj DO)) -060 = Wi. Such portfolios (0 }<i<n 
are called Arrow—Debreu securities. 
We shall find a convenient way to think about the state price vector in $1.6, but 
first, here is the key result. 


Theorem 1.5.2 For the market model described above there is no arbitrage if 
and only if there is a state price vector. 
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Figure 1.4 There is no arbitrage if and only ifthe regions K and M of Theorem 1.5.2 intersect only at the 


origin. 


This result, due to Harrison & Kreps (1979), is the simplest form of what is often 
known as the Fundamental Theorem of Asset Pricing. The proof is an application of 
a Hahn—Banach Separation Theorem, sometimes called the Separating Hyperplane 
Theorem. We shall also need the Riesz Representation Theorem. Recall that M € R? 
is a cone if x € M implies Ax € M for all strictly positive scalars à and that a linear 
functional on R¢ is a linear mapping F: R? > R. 


Theorem 1.5.3 (Separating Hyperplane Theorem) Suppose M and K are closed 
convex cones in R¢ that intersect precisely at the origin. If K is not a linear subspace, 
then there is a non-zero linear functional F such that F(x) < F(y) for eachx € M 
and each non-zero y € K. 


This version of the Separating Hyperplane Theorem can be found in Duffie (1992). 
Theorem 1.5.4 (Riesz Representation Theorem) Any bounded linear functional on 


R? can be written as F(x) = vo - x. That is F(x) is the scalar product of some fixed 
vector vo € R? with x. 


Proof of Theorem 1.5.2: We take d = 1 + n in Theorem 1.5.3 and set 
M = | (-S0 - 8, D'9):0 € RY} € R x R" = RH, 
K = Ry x Ri. 


Note that K is a cone and not a linear space, M is a linear space. Evidently, there 
is no arbitrage if and only if K and M intersect precisely at the origin as shown in 


1.6 
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Figure 1.4. We must prove that K N M = {0} if and only if there is a state price 
vector. 

(i) Suppose first that K N M = {0}. From Theorem 1.5.3, there is a linear 
functional F: R — R such that F(z) < F(x) for all z € M and non-zero x € K. 

The first step is to show that F must vanish on M. We exploit the fact that M 
is a linear space. First observe that F(0) = 0 (by linearity of F) and 0 € M, so 
F(x) > Oforx € K and F(x) > 0 for x € K\{0}. Fix x9 € K with x9 4 0. Now 
take an arbitrary z € M. Then F(z) < F (xo), but also, since M is a linear space, 
AF (z) = F(Az) < F (xo) for all A € R. This can only hold if F(z) = 0. z € M was 
arbitrary and so F vanishes on M as required. 

We now use this actually to construct explicitly the state price vector from F. 
First we use the Riesz Representation Theorem to write F as F(x) = vo x for some 
vo € Rf. It is convenient to write vp = (a, ¢) where œ € Rand ¢ € R”. Then 


F(v,c)=av+¢-c for any (v, c) € R x R” = R°. 


Since F(x) > 0 for all non-zero x € K, we must have a > 0 and ¢ > 0 (consider a 
vector along each of the coordinate axes). Finally, since F vanishes on M, 


—aSp:0+¢-D'9=0 forall e RY. 
Observing that ¢ - D'9 = (D@) - 0, this becomes 
—aSp-0+(D¢)-6=0  forallo e RY, 


which implies that —æ So + Dd = 0. In other words, So = D(¢/a). The vector 
y = ¢/a is a state price vector. 

(11) Suppose now that there is a state price vector, Y. We must prove that KOAM = 
{0}. By definition, Sg = Dy and so for any portfolio 0, 


So -0 = (Dy) -0 = Y - (D'6). (1.3) 


Suppose that for some portfolio 6, (—So - 0, D'9) € K. Then D'O € R} and 
—So-6 > 0. But since y > 0, if D'O € R}, then y - (D'0) > 0 which, by 
equation (1.3), tells us that So - @ > 0. Thus it must be that So - @ = 0 and D'6 = 0. 
That is, K O M = {0}, as required. 


The risk-neutral probability measure 


The state price vector then is the key to arbitrage pricing for our multiasset market 
models. Although we have an economic interpretation for it, in order to pave the 
way for the full machinery of probability and martingales we must think about it in 
a different way. 

Recall that all the entries of y are strictly positive. 
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a i . 
Writing Wo = };—; Wi, we can think of 


a [vi v2 Vn \' 
ed ea 1.4 
4 (3. Wo’ 2) ER 


as a vector of probabilities for being in different states. It is important to emphasise 


that they may have nothing to do with our view of how the markets will move. First 
of all, 

What is Yo? 

Suppose that as in our binary model (where we had a risk-free cash bond) the 
market allows positive riskless borrowing. In this general setting we just suppose 
that we can replicate such a bond by a portfolio 6 for which 


DG=| . f|, 
1 
i.e. the value of the portfolio at time T is one, no matter what state the market is 


in. Using the fact that y is a state price vector, we calculate that the cost of such a 
portfolio at time zero is 


So: = (Dy) -8 = y - (D'0) = Do vi = yo. 
i=1 


That is Yo represents the discount on riskless borrowing. In our notation of §1.2, 
vo=e!. 


Now under the probability distribution given by the vector (1.4), the expected value 
of the ith security at time T is 
n n 
Yi af l gi 
E| S7] = y Dij — = y Dijhj = —S); 
[ r] = Vay: We RT Po 


j=l 


where in the last equality we have used So = Dy. That is 
Sh = WoE[S7], i=1,...,n. (1.5) 


Any security’s price is its discounted expected payoff under the probability distribu- 
tion (1.4). The same must be true of any portfolio. This observation gives us a new 
way to think about the pricing of contingent claims. 


Definition 1.6.1 We shall say that a claim, C, at time T is attainable if it can be 
hedged. That is, if there is a portfolio whose value at time T is exactly C. 


Notation When we wish to emphasise the underlying probability measure, 


Q, we write E® for the expectation operator. 
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Theorem 1.6.2 If there is no arbitrage, the unique time zero price of an attainable 


claim C at time T is YoEQ[C] where the expectation is with respect to any 
probability measure Q for which Si = Wo 22 Est] for alli and wo is the discount on 
riskless borrowing. 


Remark: Notice that it is crucial that the claim is attainable (see Exercise 11). 


Proof of Theorem 1.6.2: By Theorem 1.5.2 there is a state price vector and this leads 
to the probability measure (1.4) satisfying Si = WoE [se] for all i. Since the claim 
can be hedged, there is a portfolio 6 such that 0 - Sr = C. In the absence of arbitrage, 
the time zero price of the claim is the cost of this portfolio at time zero, 


N 
6 - So = 4 - (WoELSr]) = Wo X` BELS] = YoE[9 - Sr]. 


i=l 


The same value is obtained if the expectation is calculated for any vector of 
probabilities, Q, such that So = Wo zQ [s}] since, in the absence of arbitrage, there 
is only one riskless borrowing rate and this completes the proof. 


In this language, our arbitrage pricing result says that if we can find a probability 
vector for which the time zero value of each underlying security is its discounted 
expected value at time T then we can find the time zero value of any attainable 
contingent claim by calculating its discounted expectation. Notice that we use the 
same probability vector, whatever the claim. 


Definition 1.6.3 If our market can be in one of n possible states at time T, then 
any vector, p = (pı, P2,... , Pn) > O, of probabilities for which each security’s 
price is its discounted expected payoff is called a risk-neutral probability measure or 
equivalent martingale measure. 


The term equivalent reflects the condition that p œ 0; cf. Definition 2.3.12. Our 
simple form of the Fundamental Theorem of Asset Pricing (Theorem 1.5.2) says 
that in a market with positive riskless borrowing there is no arbitrage if and only if 
there is an equivalent martingale measure. We shall refer to the process of pricing by 
taking expectations with respect to a risk-neutral probability measure as risk-neutral 
pricing. 


Example 1.3.1 revisited Let us return to our very first example of pricing a European 
call option and confirm that the above formula really does give us the arbitrage price. 

Here we have just two securities, a cash bond and the underlying stock. The 
discount on borrowing is Yọ = e™™"T, but we are assuming that the Yen interest 
rate is zero, so Yo = 1. The matrix of security values at time T is given by 


1 1 
oe (iam oe 
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Writing p for the risk-neutral probability that the security price vector is (1, 4000)’, 
if the stock price is to be equal to its discounted expected payoff, p must solve 


4000p + 2000(1 — p) = 2500, 


which gives p = 0.25. The contingent claim is ¥ 1000 if the stock price at expiry 
is ¥4000 and zero otherwise. The expected value of the claim under the risk-neutral 
probability, and therefore (since interest rates are zero) the price of the option, is then 
¥0.25 x 1000 = ¥250, as before. 

An advantage of this approach is that, armed with the probability p, it is now 
a trivial matter to price all European options on this stock with the same expiry 
date (six months time) by taking expectations with respect to the same probability 
measure. For example, for a European put option with strike price ¥3500, the price 
is 


¥E[(K — Sr)+] = ¥0.75 x 1500 = ¥1125. 


Our original argument would lead to a new set of simultaneous equations for each 
new claim. 


We now have a prescription for the arbitrage price of a claim if one exists, that is if 
the claim is attainable. But we must be a little cautious. Arbitrage prices only exist 
for attainable claims — even though the prescription may continue to make sense. 


Definition 1.6.4 A market is said to be complete if every contingent claim is 
attainable, i.e. if every possible derivative claim can be hedged. 


Proposition 1.6.5 A market consisting of N tradable assets, evolving according 
to a single period model in which at the end of the time period the market is one of 
n possible states, is complete if and only if N > n and the rank of the matrix, D, of 
security prices is n. 


Proof: Any claim in our market can be expressed as a vector v € R”. A hedge for 
that claim will be a portfolio 0 = 6(v) € R for which D‘6 = v. Finding such a 6 
amounts to solving n equations in N unknowns. Thus a hedging portfolio exists for 
every choice of v if and only if N > n and the rank of D is n, as required. 


Notice in particular that our single period binary model is complete. 

Suppose that our market is complete and arbitrage-free and let Q and Q’ be any 
two equivalent martingale measures. By completeness every claim is attainable, so 
for every random variable X, using that there is only one risk-free rate, 


EQ [X] = EV [X]. 


In other words Q = Q’. So in a complete arbitrage-free market the equivalent 
martingale measure is unique. 
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1.6 THE RISK-NEUTRAL PROBABILITY MEASURE 


Let us summarise the results for our single period markets. They will be reflected 
again and again in what follows. 


Results for single period models 

e The market is arbitrage-free if and only if there exists a martingale measure, 
Q. 

e The market is complete if and only if Q is unique. 

e The arbitrage price of an attainable claim C is e~"? Q [C]. 


Martingale measures are a powerful tool. However, in an incomplete market, if a 
claim C is not attainable different martingale measures can give different prices. The 
arbitrage-free notion of fair price only makes sense if we can hedge. 


We must sound just one more note of caution. It is important in calculating the 
risk-neutral probabilities that all the assets being modelled are tradable in the same 
market. We illustrate with an example. 


Example 1.6.6 Suppose that in the US dollar markets the current Sterling 
exchange rate is 1.5 (so that £100 costs $150). Consider a European call option that 
offers the holder the right to buy £100 for $150 at time T. The riskless borrowing 
rate in the UK is u and that in the US is r. Assuming a single period binary model in 
which the exchange rate at the expiry time is either 1.65 or 1.45, find the fair price 
of this option. 


Solution: Now we have a problem. The exchange rate is not tradable. Nor, in dollar 
markets, is a Sterling cash bond — it is a tradable instrument, but in Sterling markets. 
However, the product of the two is a dollar tradable and we shall denote the value of 
this product by S; at time f. 

Now, since the riskless interest rate in the UK is u, the time zero price of a Sterling 
cash bond, promising to pay £1 at time T, is e~“" and, of course, at time T the bond 
price is one. Thus we have So = e—"T 150 and Sr = 165 or Sp = 145. 

Let p be the risk-neutral probability that Sr = 165. Then, since the discounted 
price (in the dollar market) of our ‘asset’ at time T must have expectation So, we 
obtain 


150e"? =e"? (165p + 145(1 — p)), 


which yields 
_ 150e"-#T — 145 
P= 20 


The price of the option is the discounted expected payoff with respect to this 


SINGLE PERIOD MODELS 
probability which gives 


3 
Vo =e""15p = 3 (150e™" — 145e"). 


Exercises 
What view about the market is reflected in each of the following strategies? 


(a) Bullish vertical spread: Buy one European call and sell a second one with the 
same expiry date, but a larger strike price. 

(b) Bearish vertical spread: Buy one European call and sell a second one with the 
same expiry date but a smaller strike price. 

(c) Strip: Buy one European call and two European puts with the same exercise date 
and strike price. 

(d) Strap: Buy two European calls and one European put with the same exercise date 
and strike price. 

(e) Strangle: Buy a European call and a European put with the same expiry date but 
different strike prices (consider all possible cases). 


A butterfly spread represents the complementary bet to the straddle. It has the 
following payoff at expiry: 


Payoff 


E, E, Sp 


Find a portfolio consisting of European calls and puts, all with the same expiry date, 
that has this payoff. 


Suppose that the price of a certain asset has the lognormal distribution. That is 
log (Sr / So) is normally distributed with mean v and variance o. Calculate E[S7]. 


(a) Prove Lemma 1.3.2. 
(b) What happens if we drop the assumption that d < e"? < u? 


Suppose that at current exchange rates, £100 is worth €160. A speculator believes 
that by the end of the year there is a probability of 1/2 that the pound will have fallen 
to €1.40, and a 1/2 chance that it will have gained to be worth €2.00. He therefore 
buys a European put option that will give him the right (but not the obligation) to 
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sell £100 for €1.80 at the end of the year. He pays €20 for this option. Assume that 
the risk-free interest rate is zero across the Euro-zone. Using a single period binary 
model, either construct a strategy whereby one party is certain to make a profit or 
prove that this is the fair price. 


How should we modify the analysis of Example 1.3.1 if we are pricing an option 
based on a commodity such as oil? 


Show that if there is no arbitrage in the market, then any portfolio constructed at time 
zero that exactly replicates a claim C at time T has the same value at time zero. 


Put-call parity: Denote by C; and P, respectively the prices at time t of a European 
call and a European put option, each with maturity T and strike K. Assume that the 
risk-free rate of interest is constant, r, and that there is no arbitrage in the market. 
Show that for each t < T, 


C; =e P, = Si = Ker): 


Use risk-neutral pricing to value the option in Exercise 5. Check your answer by 
constructing a portfolio that exactly replicates the claim at the expiry of the contract. 


What is the payoff of a forward at expiry? Use risk-neutral pricing to solve the pricing 
problem for a forward contract. 


Consider the ternary model for the underlying of §1.4. How many equivalent 
martingale measures are there? If there are two different martingale measures, do 
they give the same price for a claim? Are there arbitrage opportunities? 


Suppose that the value of a certain stock at time T is a random variable with 
distribution P. Note we are not assuming a binary model. An option written on 
this stock has payoff C at time T. Consider a portfolio consisting of @ units of the 
underlying and y units of bond, held until time T, and write Vo for its value at time 
zero. Assuming that interest rates are zero, show that the extra cash required by the 
holder of this portfolio to meet the claim C at time T is 


Y êC- V- e (Sr — So). 


Find expressions for the values of Vo and ¢ (in terms of E [Sr], E [C], var [Sr] and 
cov (Sr, C)) that minimise 


a[w?], 

and check that for these values E [Y] = 0. 

Prove that for a binary model, any claim C depends linearly on Sr — So. Deduce that 
in this case we can find Vo and ¢ such that Y = 0. 

When the model is not complete, the parameters that minimise E [v7] correspond 
to finding the best linear approximation to C (based on Sr — So). The corresponding 
value of the expectation is a measure of the intrinsic risk in the option. 
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and that in the USA is r. A dollar investor wishes to set the exchange rate, Cr, in 
a forward contract in which the two parties agree to exchange Cr dollars for one 
pound at time T. If a pound is currently Co dollars, what is the fair value of Cr? 


The option writer in Example 1.6.6 sells a digital option to a speculator. This amounts 
to a bet that the asset price will go up. The payoff is a fixed amount of cash if the 
exchange rate goes to $165 per £100, and nothing if it goes down. If the speculator 
pays $10 for this bet, what cash payout should the option writer be willing to write 
into the option? You may assume that interest rates are zero. 


Suppose now that the seller of the option in Example 1.6.6 operates in the Sterling 
markets. Reexpress the market in terms of Sterling tradables and find the corre- 
sponding risk-neutral probabilities. Are they the same as the risk-neutral probabilities 
calculated by the dollar trader? What is the dollar cost at time zero of the option as 
valued by the Sterling trader? 

This is an example of change of numeraire. The dollar trader uses the dollar bond as 
the reference risk-free asset whereas the Sterling trader uses a Sterling bond. 


2 Binomial trees and discrete parameter 


martingales 


Summary 


In this chapter we build some more sophisticated market models that track the 
evolution of stock prices over a succession of time periods. Over each individual 
time period, the market follows our simple binary model of Chapter 1. The possible 
trajectories of the stock prices are then encoded in a tree. A simple corollary of our 
work of Chapter 1 will allow us to price claims by taking expectation with respect 
to certain probabilities on the tree under which the stock price process is a discrete 
parameter martingale. 

Definitions and basic properties of discrete parameter martingales are presented 
and illustrated in §2.3, and we see for the first time how martingale methods can 
be employed as an elegant computational tool. Then, §2.4 presents some important 
martingale theorems. In §2.5 we pave the way for the Black-Scholes analysis of 
Chapter 5 by showing how to construct, in the martingale framework, the portfolio 
that replicates a claim. In §2.6 we preview the Black-Scholes formula with a 
heuristic passage to the limit. 


The multiperiod binary model 


Our single period binary model is, of course, inadequate as a model of the evolution 
of an asset price. In particular, we have allowed ourselves to observe the market at 
just two times, zero and T. Moreover, at time T, we have supposed the stock price to 
take one of just two possible values. In this section we construct more sophisticated 
market models by stringing together copies of our single period model into a tree. 

Once again our financial market will consist of just two instruments, the stock 
and a cash bond. As before we assume that unlimited amounts of both can be bought 
and sold without transaction costs. There is no risk of default on a promise and the 
market is prepared to buy and sell a security for the same price (that is, there is no 
bid-offer spread). 
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time 3 


The tree of stock prices. 


We suppose the market to be observable at times 0 = tọ < ti <---<ty =T. 


Over each time period [f;, t;+1] the stock follows the binary model. This is illustrated 
in Figure 2.1. After i time periods, the stock can have any of 2! possible values. 
However, given its value at time t; there are only two admissible possibilities for the 
stock price at time t;+1. It is not necessary, but it is conventional, to suppose that all 
time periods have the same length and so we shall write t; = idt where ôt = T/N. 


In our simple model, the cash bond behaved entirely predictably. There was a known 
interest rate, r, and the cash bond increased in value over a time period of length 
T by a factor e"T. Now, we do not have to impose such a stringent condition. The 
interest rate can itself be random, varying over different time periods. Our work 
will generalise immediately provided that we insist that the interest rate over the 
time interval [¢;, ti+1) is known at the start of that interval, although it may depend 
on which of the 2’ nodes our market is in. In this way, we admit the possibility 
of randomness in our cash bond. Notice however that it is a very different sort of 
randomness from that of the stock. The value of the bond at time t;}ı is already 
known to us at time ¢;. This is certainly not true for the stock. In spite of our new- 
found freedom, for simplicity, we shall continue to suppose that the interest rate is 
the constant, r. 
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2.1 THE MULTIPERIOD BINARY MODEL 


At first sight it is not clear that we can make progress with our new model. For a 
tree consisting of k time steps there are 2* possible values for the stock price. If we 
now look back at Proposition 1.6.5, this suggests that we need at least 2* stocks to 
be traded in our market if we want it to be complete. For k = 20, this requires over 
a million ‘independent’ assets, far more than we see in any real market. But things 
are not so bad. More claims become attainable if we allow ourselves to rebalance 
our replicating portfolio after each time period. The only restriction that we impose 
is that this rebalancing cannot involve any extra input of cash: the purchase of more 
stock must be funded by the sale of some of our bonds and vice versa. This will be 
formalised later as the self-financing property. 


The key to understanding pricing and hedging in this bigger model is backwards 
induction on the tree of stock prices. 


Example 2.1.1 (Pricing a European call) Suppose again that we are pricing a 
European option with maturity time T. As above, we set ôt = T/N so that T 
corresponds to N time periods and we write Si for the stock price at time idt. The 
payoff of the option at time T is denoted by Cy. 


Method: The key idea is as follows. Suppose that we know the price, Sy—1, of 
the stock at time (NV — 1)ôt. Then our previous analysis would tell us the value, 
Cy-1, of the option at time (N — 1)ér. Specifically, Cy-1 = v6 Ey-1[Cw] 
where the expectation is with respect to a probability measure for which Sy_1 = 
YS Ew-i[Sw] and yy”? = 


replaced by the rate at the node of the tree corresponding to the known value of 


e~'*! (In a world of varying interest rates r must be 


Sy—1.-) Moreover, using Lemma 1.3.2, we know how to construct a portfolio at time 
(N — 1)ôt that will have value exactly Cy at time Nt. In this way, for each of the 
2—! nodes of the tree at time (N — 1)ôt, we calculate the amount of money, Cy-1, 
that we require to construct a portfolio that exactly replicates the claim Cy at time T. 

We now think of Cy_; as a claim at time (N — 1)ôt and we repeat the 
process. If we know Sy—2, we can construct a portfolio at time (N — 2)dt whose 
value at time (N — 1)ér will be exactly Cy_ 1, and this portfolio will cost us 
ye DE N—2[Cyn—1], where the expectation is with respect to a measure such that 
SN—2 = Ne 'n—2[Sn—1]. Here again ye? = e", Continuing in this way, 
we successively calculate the cost of a portfolio that, after appropriate readjustment 
at each tick of the clock, but without any extra input of wealth and without paying 
dividends, will allow us to meet exactly the claim against us at time Nôt = T. We’ll 


illustrate the method in Example 2.1.2. 


It is useful to consider a special form of the binary tree in which over each time step 
[t;, ti+1] the stock price either increases from its current value, S;, to S;u or decreases 
to S;d for some constants 0 < d < u < oo. In such a tree the same stock price can 
be attained in many different ways. For example the value Soud at time t2 can be 
attained as the result of an upward stock movement followed by a downward stock 
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S uuu 


S,uud 


S udd 
S,dd 
S,ddd 
A recombinant or binomial tree of stock prices. 


movement or vice versa. The tree of stock prices then takes the form of Figure 2.2. 
Such a tree is said to be recombinant (different branches can recombine). These 
special recombinant trees are also known as binomial trees since (provided u, d, and 
r remain constant over time) the risk-neutral probability measure will be the same 
on each upward branch and so the stock price at time t = nôt is determined by a 
binomial distribution. Such trees are computationally much easier to work with than 
general binary trees and, as we shall see, are quite adequate for our purposes. The 
binomial model was introduced by Cox, Ross & Rubinstein (1979) and has played a 
key rôle in the derivatives industry. 
We now illustrate the method of backwards induction on a recombinant tree. 


Example 2.1.2 Suppose that stock prices are given by the tree in Figure 2.3 and 
that dt = 1. If interest rates are zero, what is cost of an option to buy the stock at 
price 100 at time 3? 


Solution: It is easy to fill in the value of the claim at time 3. Reading from top to 
bottom, the claim has values 60, 20, 0 and 0. 

Next we need to find the risk-neutral probabilities for each triad of nodes of the 
form 


S; (u) 


Si(d) 


Evidently in this example the risk-neutral probability of stepping up is 1/2 at every 
node. We can now calculate the value of the option at the penultimate time, 2, to be, 
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160 
(60) 


120 
(20) 


80 
(0) 


40 
(0) 


The tree of stock prices for the underlying stock in Example 2.1.2. The number in brackets is 
the value of the claim at each node. 


again reading downward, 40, 10, 0. Repeating this for time 1 gives values 25 (if the 
price steps up from time 0) and 5 (if the price has stepped down). Finally, then, the 
value of the option at time 0 is 15. 

Having filled in the option prices on the tree, we can now construct a portfolio 
that exactly replicates the claim at time 3 using the prescription of Lemma 1.3.2. We 
write (¢;, Yi) for the amount of stock and bond held in the portfolio over the time 
interval [(i — 1)6dt, iôt). 


At time 0, we are given 15 for the option. We calculate @; as (25 — 5)/(120 — 80) = 
0.5. So we buy 0.5 units of stock, which costs 50, and we borrow 35 in cash bonds. 
Suppose that Sı = 120. The new ¢ is (40 — 10)/(140 — 100) = 0.75, so we buy 
another 0.25 units of stock, taking our total bond borrowing to 65. 

Suppose that S2 = 140. Now ¢ = (60 — 20)/(160 — 120) = 1, so we buy still more 
stock, to take our holding up to | unit and our total borrowing to 100 bonds. 

Finally, suppose that $3 = 120. The option will be in the money, so we must hand 
over our unit of stock for 100, which is exactly enough to cancel our bond debt. 


The table below summarises our stock and bond holding if the stock price follows 
another path through the tree. 


Stock Option Stock Bond 
Timei  Lastjump price S; value V; holding ¢; holding W; 
0 — 100 15 — — 
1 down 80 5 0.50 —35 
2 up 100 10 0.25 —15 
3 down 80 0 0.50 —40 
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Notice that all of the processes {S;}o<i<n, {Vi}o<i<n> {i}1<i<n, {Wi}i<i<zn depend 
on the sequence of up and down jumps. In particular, {¢;}1<j<y and {wj}1<j<n are 
random too. We do not know the dynamics of the portfolio at time 0. However, we do 
know that our portfolio is self-financing. The portfolio that we hold over [i+ 1, i +2) 
can be bought with the proceeds of liquidating (at time i + 1) the portfolio that we 
held over the time interval [i, i + 1) — there is no need for any extra input of cash. 
Moreover, we know how to adjust our portfolio at each time step on the basis of 
knowledge of the current stock price. There is no risk. 


In the single period binary model, we saw that any claim at time T was attainable 
and its price at time zero could be expressed as an expectation. The same is true in 
the multiperiod setting (see Exercise 1). The proof that any claim is attainable is just 
backwards induction on the tree. To recover the pricing formula as an expectation, 
we define a probability distribution on paths through the tree. 


Notice that our backwards induction argument has specified exactly one probability 
on each branch of the tree. For each path through the tree that the stock price could 
follow we define the path probability to be the product of the probabilities on the 
branches that comprise it. 

In Exercise 2 you are asked to show that the price of a claim at time T that 
we obtained by backwards induction is precisely the discounted expected value of 
the claim with respect to these path probabilities (in which the discounted claim at 
each node is weighted according to the sum of the probabilities of all paths that 
end at that node). Let’s just check this prescription for our preceding example. 
In the recombining tree of Example 2.1.2, there are a total of eight paths, one 
ending at the top node, one at the bottom and three at each of the other nodes. 
Each path has equal probability, 1/8, and the expectation of the claim is therefore 
1/8 x 60 + 3/8 x 20 = 15, which is the price that we calculated by backwards 
induction. 


American options 


Our somewhat more sophisticated market model is sufficient for us to take a first look 
at options whose payoff depends on the path followed by the stock price over the 
time interval [0, T]. In this section we concentrate on the most important examples 
of such options: American options. 


Definition 2.2.1 (American calls and puts) An American call option with strike 
price K and expiry time T gives the holder the right, but not the obligation, to buy 
an asset for price K at any time up to T. 

An American put option with strike price K and expiry time T gives the holder 
the right, but not the obligation, to sell an asset for price K at any time up to T. 


Evidently the value of an American option should be more than (or at least no less 
than) that of its European counterpart. The question is, how much more? 


27 


Calls on non- 
dividend- 
paying 

stock 


Put on non- 
dividend- 
paying 
stock 


2.2 AMERICAN OPTIONS 


First let us prove the following oft-quoted result. 


Lemma 2.2.2 It is never optimal to exercise an American call option on non- 
dividend-paying stock before expiry. 


Proof: Consider the following two portfolios. 


Portfolio A: One American call option plus an amount of cash equal to Ke~""7—” at 
time t. 
Portfolio B: One share. 


Writing S; for the share price at time f, if the call option is exercised at time t < T, 
then the value of portfolio A at time t is S, — K + Ke~" T" < §,. (Evidently the 
option will only be exercised if S$; > K.) The value of portfolio B is S;. On the other 
hand at time T, if the option is exercised then the value of portfolio A is max{ Sr, K} 
which is at least that of portfolio B. 

We have shown that exercising prior to maturity gives a portfolio whose value is 
less than that of portfolio B whereas exercising at maturity gives a portfolio whose 
value is greater than or equal to that of B. It cannot be optimal to exercise early. 


This result only holds for non-dividend-paying stock. An alternative proof of 
Lemma 2.2.2 is Exercise 5. In Exercise 7 the result is extended to show that if the 
underlying stock pays discrete dividends, then it can only be optimal to exercise at 
the final time T or at one of the dividend times (see also Exercise 8). More generally, 
the decision whether to exercise early depends on the ‘cost’ in terms of lost dividend 
income. 


The case of American put options is harder (even without dividends). We illustrate 
with an example. 


Example 2.2.3 Suppose once again that our asset price evolves according to the 
recombinant tree of Figure 2.3. To illustrate the method, again we suppose that the 
risk-free interest rate is zero (but see the second paragraph of Remark 2.2.4). What 
is the value of a three month American put option with strike price 100? 


Solution: As in the case of a European option, we work our way backwards through 
the tree. 


The value of the claim at time 3, reading from top to bottom, is 0, 0, 20, 60. 

At time 2, we must consider two possibilities: the value if we exercise the claim, 
and the value if we do not. For the top node it is easy. The value is zero either way. 
For the second node, the stock price is equal to the strike price, so the value is zero 
if we exercise the option. On the other hand, if we don’t, then from our analysis of 
the single step binary model, the value of the claim is the expected value under the 
risk-neutral probabilities of the claim at time 3. We already calculated the risk-neutral 
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The evolution of the price of the American put option of Example 2.2.3. 


probabilities to be 1/2 on each branch of the tree, so this expected value is 10. For 
the bottom node, the value is 40 whether or not we exercise the claim. 

Now consider the two nodes at time 1. For the top one, if we exercise the option it 
is worthless whereas if we hold it then, again by our analysis of the single period 
model, its value is 5. For the bottom node, if we exercise the option then it is worth 
20, whereas if we wait it is worth 25. 

Finally, at time 0, if we exercise, the value is zero, whereas if we wait the value is 
15. 


The option prices are shown in Figure 2.4. 


Remark 2.2.4 


Notice that in the above example it was not optimal to exercise the option at time 
1, even when it was ‘in the money’. If Sı = 80, we make 20 from exercising 
immediately, but there is 25 to be made from waiting. 

In this example there was never a strictly positive advantage to early exercise of the 
option. It was always at least as good to wait. In fact if interest rates are zero this is 
always the case, as is shown in Exercise 6. For non-zero interest rates, early exercise 
can be optimal, see Exercise 9. 


Discrete parameter martingales and Markov processes 


Our multiperiod stock market model still looks rather special. To prepare the ground 
for the continuous time world of later chapters we now place it in the more general 
framework of discrete parameter martingales and Markov processes. 

First we recall the concepts of random variables and stochastic processes. 
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Formally, when we talk about a random variable we must first specify a probability 
triple (Q, F, P), where Q is a set, the sample space, F is a collection of subsets of 
Q, events, and P specifies the probability of each event A € F. The collection £F is a 
o-field, that is, Q € F and F is closed under the operations of countable union and 
taking complements. The probability P must satisfy the usual axioms of probability: 


0 < P[A] < 1, forall A € F, 

P[Q] = 1, 

P[A U B] = P[A] + P[B] for any disjoint A, B € F, 

if A, € F for alln € N and Aj C A2 C --- then P[A,] t P[U, An| asn + œœ. 


Definition 2.3.1 A real-valued random variable, X, is a real-valued function on 
Q that is F-measurable. In the case of a discrete random variable (that is a random 
variable that can only take on countably many distinct values) this simply means 


{fo €Q:X(w) =x} EF, 


so that P assigns a probability to the event {X = x}. For a general real-valued 
random variable we require that 


{wEQ:X(a) <x EF, 


so that we can define the distribution function, F(x) = P[X < x]. 


This looks like an excessively complicated way of talking about a relatively straight- 
forward concept. It is technically required because it may not be possible to define 
P in a non-trivial way on all subsets of Q, but most of the time we don’t go far 
wrong if we ignore such technical details. However, when we start to study stochastic 
processes, random variables that evolve with time, it becomes much more natural to 
work in a slightly more formal framework. 


To specify a (discrete time) stochastic process, we typically require not just a single 
o-field, F, but an increasing sequence of them, Fn C Fn41 C --- C F. The 
collection {F;,},>0 is then called a filtration and the quadruple (Q, F,{Fn}nzo, P) 
is called a filtered probability space. 


Definition 2.3.2 A real-valued stochastic process is just a sequence of real- 
valued functions, {Xn}n>0, on Q. We say that it is adapted to the filtration {Fn }n>0 if 
Xn is F,-measurable for each n. 


One can then think of the o-field F, as encoding all the information about the 
evolution of the stochastic process up until time n. That is, if we know whether each 
event in F, happens or not then we can infer the path followed by the stochastic 
process up until time n. We shall call the filtration that encodes precisely this 
information the natural filtration associated to the stochastic process {Xn }n>0. 
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Tree representing the stochastic process of Example 2.3.3 and its distribution. 


There is an important consequence of the very formal way that this is set up. 
Notice that we have defined the process {Xn}n>0 aS a sequence of measurable 
functions on Q without reference to P. This is exactly analogous to the situation 
in our tree models. We specified the possible values that the stock price could take 
at time n, corresponding to prescribing the functions {X,,},>0, and superposed the 
probabilities afterwards. Even if we had a preconception of what the probabilities 
of up and down jumps might be, we then changed probability (to the risk-neutral 
probabilities) in order actually to price claims. This process of changing probability 
will be fundamental to our approach to option pricing, even in our most complex 
market models. 


When we constructed the probabilities on paths through our binary (or binomial) 
trees, we first specified the probability on each branch of the tree. This was done in 
such a way that the expected value of e7”? S41 given that the value of the stock at 
time kôt is known to be Sx is just S. This condition specifies the probabilities on the 
two branches emanating from the node corresponding to Sg at time kôt. We should 
like to extend this idea, but first we need to remind ourselves about conditional 
expectation. This is best explained through an example. 


Example 2.3.3 Consider the stochastic process represented by the tree in Fig- 
ure 2.5. Its distribution is given by the probabilities on the branches of the tree, 
where, as in $2.1, we assume that the probability of a particular path through the 
tree is the product of the probabilities of the branches that comprise that path. 


Calculation: Our tree explicitly specifies {X,}n>0 and, for a given Q, implicitly 
specifies P. In later examples we shall be less pedantic, but here we write down 
Q explicitly. There are many possible choices, but an obvious one is the set of 
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all possible sequences of ‘up’ and ‘down’ jumps. If œ = (u,u,d), say, then 
X1 (w) = XP, X2(w) = XV and X3(@) = XM. 
First let us calculate the conditional expectation 


S [X3] Fy]. 


Using our interpretation of F, as ‘information up to time n’, our problem is to 
determine the conditional expectation of X3 given all the information up to time 
one. Notice that what we are calculating is an F,-measurable random variable. It 
depends only on what happened up until time one. There are just two possibilities: 
the first jump is up, or the first jump is down. 


If the first jump is up, the possible values of X3 are xe Be xon and Xe, 
The probability of each value is determined by the path probabilities but restricted to 
paths emanating from the upper node at time one. The conditional expectation then 
takes the value 


= [X3| Fil (u) = poopoooXs’”” + poo poor X9? + poi PooX$” + poi poi X9". 


This happens with probability po. 
If the first jump is down, which happens with probability pı, the conditional 
expectation takes the value 


2 [X3] Fil (d) = propio X3-" + propio X43” + pii piioX}" + pipi X4". 


Similarly, we can calculate E [ X3| F2]. This random variable will be F2-measurable 
— its value depends on the first two jumps of the process. Its distribution is given in 
the table below. 


Value Probability 
E[X|F2](uu) = pooo X900 F poo X90! Po Poo 
E[X|F2](ud) = po1oX$'° + por X9"! POPOL 
E[X|F2](du) = p100X400 E pio X40! P1 P10 
E[X|F](dd) = p110X4!° + p111 X53"! Pipil 


Of course, since E [ X3| F2] is an F2-measurable random variable and F} C Fo, we 
can calculate the conditional expectation 


J 
— 


E [X3] F2]| Fil. 


S[E[X3| F2] Fi] (u) = poE[X3| F2] (uu) + poiE [X3] F2] (ud), 
[X3 Foll Fi] (d) = pioE[X3| F2] (du) + p11 E[X3| F2] (dd). 


cS 
m= 
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Substituting the value of E [ X3| F2] from the table above it is easily checked that 
this reduces to 


ao 


i [ X3| F2]| Fi] = El X3| Fi). (2.1) 


Here is the formal definition. 


Definition 2.3.4 (Conditional expectation) Suppose that X is an F-measurable 
random variable with E[|X|] < œ. Suppose that G C F is a o-field; then the 
conditional expectation of X given G, written E [ X| G], is the G-measurable random 


variable with the property that for any A € G 


exigi; al f ixigiaP = f xap ê SLX: A]. 


The conditional expectation exists, but is only unique up to the addition of a random 
variable that is zero with probability one. This technical point will be important in 
Exercise 17 of Chapter 3. 

Equation (2.1) is a special case of the following key property of conditional 
expectations. 


The tower property of conditional expectations: Suppose that F; C Fj; then 
E[E[X|Fj]|Fi] = E[X|F;]. 


In words this says that conditioning first on the information up to time j and then on 
the information up to an earlier time 7 is the same as conditioning originally up to 
time i. 


In calculations with conditional expectations, it is often useful to remember the 
following fact. 


Taking out what is known in conditional expectations: Suppose that E [X] and E [XY] < 
oo; then 


if Y is ¥,-measurable, E[XY|F,] = YE[X| Fn]. 


This just says that if Y is known by time n, then if we condition on the information 
up to time n we can treat Y as constant. 


The probability measure on the tree that we used in §2.1 to price claims was chosen 
so that if we define {S;}x>0 to be the discounted stock price, that is Są = ge erst Sh, 
then the expected value of S;4) given that we know Sx is just Sg. We use the notation 


E[Sk+11Sk] = Se. 


Because in our model the stock price has ‘no memory’, so that the movement of the 
stock over the next tick of the clock is not influenced by the way in which it reached 
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its current value, conditioning on knowing Sx is actually the same as conditioning on 
knowing all of Fg, so that 


[Skil Fi] = Se- (2.2) 


The property (2.2) is sufficiently important that it has a name. 


Definition 2.3.5 Suppose that (Q, {Fr}n>0.F, P) is a filtered probability space. 
The sequence of random variables {Xn}n>0 is a martingale with respect to P and 


{Fn}n>0 if 


[Xal] <œ, Yn, (2.3) 


and 
E[Xn4ilFn] = Xn, Yn. (2.4) 


If we replace equation (2.4) by 


tReet Fn] < Xn, Yn, 


then {Xn}n>0 is a ( Ps {Fn}n>0)-Supermartingale. If instead we replace it by 


i [ Xni] Fa] = Xn, Vn, 


then {Xn }n>0 is a (P, {Fn}n=0)-submartingale. 


These definitions are not exhaustive. There are plenty of processes that fall into none 
of these categories. A martingale is often thought of as tracking the net gain after 
successive plays of a fair game. In this setting a supermartingale models net gain 
from playing an unfavourable game (one we are more likely to lose than to win) and 
a submartingale is the net gain from playing a favourable game. 


It is extremely important to note that the notion of a martingale is really that 
of a (P, {Fn}n>0)-martingale. Recall that our definition of stochastic process has 
divorced the rôles of the sequence {Fn }n>0, the F-measurable functions {Xy}n>0 on 
Q and the probability measure P defined on elements of F. In the setting of §2.1, our 
view of the market may be that the discounted stock price is not a martingale (indeed 
it probably isn’t or no one would ever speculate on stocks — they could get the same 
money, risk-free, by buying cash bonds). We change the probability measure to one 
which makes the discounted stock price a martingale for the purposes of pricing and, 
as we shall see, hedging. We shall refer to the probability measure that represents 
our view of the market as the market measure. The new probability measure, which 
we use for pricing and hedging, is known as the equivalent martingale measure. 


Remark: (Martingales indexed by a subset of N) Although we have defined martin- 
gales indexed by n € N, we shall often talk about martingales indexed by {0 < n < 
N}. They are defined by restricting conditions (2.3) and (2.4) to {0 < n < N}. We 
shall state our key results for martingales indexed by {n > 0}; they can be modified 
in the obvious way to apply to martingales indexed by {0 < n < N}. 
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It is often useful to observe that, by the tower property, if {Xn}n>0 is a (P, {Fn} n>0)- 
martingale then fori < j, 


[XA] = Xe 


Calculations can also be simplified if our martingales have an additional property: 
the Markov property. 


Definition 2.3.6 (Markov process) The stochastic process {Xn}n>0 (with its nat- 
ural filtration, {Fy }n>0) is a discrete time Markov process if 


P[ Xn41 € B| Fa] = P| Xn € B| Xn], 
forall B € F. 


In words this says that the probability that Xn+1 € B given that we know the whole 
history of the process up to time n is the same as the probability that X,41 € B 
given only the value of X,,. A Markov process has no memory. Many of our examples 
of martingales (and all our examples of market models) will also have the Markov 
property. However, not all martingales are Markov processes and not all Markov 
processes are martingales (see Exercise 11). 


Notation: When we wish to emphasise that a filtration is “generated by’ the 
stochastic process {X,„}n>0 we use the notation {FX }n>0. 

Unless otherwise stated, {F,}n>0 will always be understood to mean the 
natural filtration associated with the stochastic process under consideration. 


It would be excessively pedantic always to insist upon an explicit specification of Q 
and so, generally, we won’t. We shall also use ‘{X,}n>0 is a P-martingale’ to mean 
{Xn}n>0 is a (P, {FX }n>0)-martingale’. 


Example 2.3.7 (Random walk) A one-dimensional simple random walk, {Sn}n>0, 
is a Markov process such that Sn+1 = Sn + En+1 where (for each n) &, € {—1, +1} 
and, under P, {Ẹn}n>0 are independent identically distributed random variables. 
Thus 


P[Sn41 =k+ 1] Sn =k] =p, P[Sn =k- 1| Sa =k] =1-p, 


where p € [0, 1]. 
If p = 0.5, then {Sn}n>0 is a P-martingale. If p < 0.5 (resp. p > 0.5), then 
{Sn}n>o is a P-supermartingale (resp. P-submartingale). 


Justification: To check this, notice that since the random walk can be a distance at 
most n from its starting point at time n, the expectation E[|S,|] < oo is evidently 
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finite. Moreover, 


E [ Snil Fn] = O[ Sn + &n+11 Fa] 
= Sat i [En il Fn] 
= Sit r [ény], 


where we have used independence of the {£n}n>0 in the last line. It suffices then to 
observe that 


<0, p<0O.5, 
[ény] $ =0, p=0.5, 
>0, p>0.5. 
Example 2.3.8 (Conditional expectation of a claim) Suppose that Q and a filtra- 


tion {Fn}n>o0 are given. (The example that we have in mind is that Fn encodes 
the history of a financial market up until time nôt.) Let Cy be any bounded 
Fn-measurable random variable. (This we are thinking of as a claim against us at 
time Nôt.) Then for any probability measure P, the conditional expectation process, 
{Xn}o<n<n, given by 


Xnr = [CN] Fal], 


isa (P, {Fn}o<n<n)-martingale. 


Example 2.3.9 (The discounted price of a claim) In solving our pricing problem 
for a European option with value Cy at the expiry time N ôt in the multiperiod binary 
model of stock prices of §2.1, we found a probability measure, which we denote by Q, 
under which the discounted stock price is a martingale. For any claim, Cy, at time 


Nôt, provided zQ [[ICN|] < œ, the fair price at time nôt of an option with payoff 
Cy at time Nôt was found to be 


V, =e r(N—n)ôt Q ECN) Fal. 


Define the discounted claim process by V, = eV. Then {Vn}o<n<N is a Q- 
martingale. This would remain true even if we dropped the assumption of constant 
interest rates, provided that we knew the risk-free rate over the time interval [iôt, (i+ 
1)ôt) at the beginning of the period. 


Our last example shows that the discounted price process of a European option is 
a martingale. In other words, the discounted value of our replicating portfolio is a 
martingale. As before, we write (n, Yn) for the amount of stock and bond held in 
the replicating portfolio over the nth time interval, that is [(n — 1)ôt, nôt). The value 
of the portfolio at time nôt is then 


Vn = Pn+1Sn + Wn41 Bn, 


where Bp is the value of the cash bond at time nôt. The portfolio is self-financing, 
that is the cost of constructing the new portfolio at time (n + 1)ôt is exactly offset 
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by the proceeds of selling the portfolio that we have held over [nét, (n + 1)ôt). In 
symbols, 
dn+1Sn41 + Wnt 1 Bn = Pn+2Sn+1 + Wn42Bn41- 


The discounted price is 


Vn = dn+15n + Wn+1, 


and since, using the self-financing property, 


dn+1Sn+41 + Ynti = On425n41 + Wn42, 


we have 
Vat — Vn = Pn Sn41 + Wnt2 — Ont1Sn — Wal 
= n+ (Sni aE 54) 
That is 
Va = Vo + X bj (Sj — 5j) g (2.5) 
j=0 


From our earlier remarks, {Vn}o<n< N is a Q-martingale, so what we have checked 
is that under the probability measure Q for which {Snlo<n< n is a martingale, the 
expression on the right hand side of equation (2.5) is also a martingale. This is part 
of a general phenomenon. To state a precise result we need a definition. Recall that 
we knew @; at time (i — 1)ôt. 


Definition 2.3.10 Given a filtration {Fn}n>0, the process {An}n>1 is {Fn}n>o- 
previsible or {Fn }n>0-predictable if An is F,~1-measurable for alln > 1. 


Note that this is the sort of randomness that we have permitted for our cash bond. 


Proposition 2.3.11 Suppose that {Xn}n>0 is adapted to the filtration {Fn }n>0 and 
that {@n}n>1 is {Fn}n>o-previsible. Define 
n—-1 
Zn = Zo + So oyu (Xj41— Xj), (2.6) 
j=0 


where Zo is a constant. 
Tf {Xn}nz0 is a (P, {Fn}n=0)-martingale, then so is {Zn}n>0. 


Remark: If {6,})>0 is adapted to {Fn }n>0, then the process {¢}n>1 defined by n = 


On—1 is previsible. Thus for an {F,,},>0-adapted process {@n}n>0, if {Xn}n>o is a 
(P, {F:}1>0)-martingale then so is 


n—-1 
Zn = Zo + >o; (Xj41 — Xj) . 
j=0 
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Proof of Proposition 2.3.11: This is an exercise in the use of conditional expectations. 


E| Znal Fn] — Zn = El Zn — Zal Fa] 

= E[¢n41 (Xni — Xn)! Fa] 
= dnsiE[ (Xn — Xn)| Fa] 
= ny (E[ Xn41! Fu] — Xn) 
= 0. 


We can think of the sum in equation (2.6) as a discrete stochastic integral. When we 
turn to stochastic integration in Chapter 4, we shall essentially be passing to limits in 
sums of this form. 


It is not just our binomial models that can be incorporated into the martingale 
framework. The same argument that allows us to pass from the single period to the 
multiperiod binary model allows us to pass from the single period models of $1.5 
and $1.6 to a multiperiod model. We now recast Theorems 1.5.2 and 1.6.2 in this 
language. Suppose that our market consists of K stocks and that the possible values 
that the stock prices S!,... , SE can take on at times ôt, 28t, 35t,... , Not = T are 
known. We denote by Q the set of all possible ‘paths’ that the stock price vector can 
follow in RX. 

Theorem 1.5.2 tells us that the absence of arbitrage is equivalent to the existence 
of a probability measure, Q, on Q that assigns strictly positive mass to every w € Q 
and such that 


Sep = YP ELIS, Sea 


where S, is the vector of stock prices at time r and yi is the discount on riskless 
borrowing over [(r — 1)ôt, rôt]. 
If, as above, we consider the discounted stock prices, {5 j0<j<N> given by Š; = 
La YË Sj, then 


2275.51, 2... Sp i= 0/5. 


Fa] = S;-1. 
In other words, the discounted stock price vector is a Q-martingale. 


Definition 2.3.12 Two probability measures P and Q on a space Q are said to be 
equivalent if for all events A C Q 


Q(A) = 0 if and only if P(A) = 0. 


Suppose then that we have a market model in which the stock price vector can follow 
one of a finite number of paths Q through RX. We may even have our own belief as to 
how the price will evolve, encoded in a probability measure, P, on Q. Theorem 1.5.2 
and Theorem 1.6.2 combine to say: 
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Theorem 2.3.13 For the multiperiod market model described above, there is no 
arbitrage if and only if there is an equivalent martingale measure Q. That is, there 
is a measure, Q, equivalent to P, such that the discounted stock price process is a 
Q-martingale. 

In that case, the time zero market price of an attainable claim Cy (to be delivered 
at time Nôt) is unique and is given by 


1 TwoCn I, 


where Wo = ny ye is the discount factor over N periods. 


Although there are extra technical conditions, this fandamental theorem has essen- 
tially the same statement for markets that evolve continuously with time. 


Some important martingale theorems 


Phrasing everything in the martingale framework places many powerful theorems 
at our disposal. In this section, we present some of the most important results in 
the theory of discrete parameter martingales. However, our coverage is necessarily 
cursory. An excellent and highly readable account is Williams (1991). 


One of the most important calculational tools in martingale theory is the Optional 
Stopping Theorem. Before we can state it, we need to introduce the notion of a 
stopping time. 


Definition 2.4.1 Given a sample space Q equipped with a filtration {Fn}n>0, a 
stopping time or optional time is a random variable T : Q — Z, with the property 
that 


{T <n} € Pn, foralln > 0. 


This just says that we can decide whether or not T < n on the basis of the information 
available at time n — we don’t need to look into the future. 


Example 2.4.2 Consider the simple random walk of Example 2.3.7. Define T to 
be the first time that the random walk takes the value 1, that is 


T =inf{i > 0: S; =1}; 


then T is a stopping time. 
On the other hand, 
U =sup{i > 0: S; = 1} 


is not a stopping time. 


An equivalent definition of stopping time is that the random variable 6, £ liT>n+1} 
forn > 0, is adapted (see Definition 2.3.2). Consequently, from the remark following 


2.4 SOME IMPORTANT MARTINGALE THEOREMS 


Proposition 2.3.11, if {Xn}n>0 is a martingale, then so is the process 


neS o Xj+1— Xj). (2.7) 


Notice that we can rearrange this expression, 


Zn = Ee Xj Xj) 


= oA (T= j+u} ( Xj41- Xj j) 
= A = Xo, 


where T A n denotes the minimum of T and n. 


Theorem 2.4.3 (Optional Stopping Theorem) Let (Q, F,{Fn}nzo, P) be a filtered 
probability space. Suppose that the process {Xn}n>0 is a (P, {Fn}n>0) -martingale, 
and that T is a bounded stopping time. Then 


E[X7r| Fo] = Xo, 


and hence 


[Xr] = 


Proof: The proof is a simple application of the calculation that we did above. If we 
know that T < N, then in the notation of (2.7), Zy = Xr — Xo and since {Zy}n>0 
is a martingale, E [ Zy| Fo] = Zo = 0, i.e. 


E [Xr] Fo] = Xo 


Taking expectations once again yields 


s [Xr] = 


It is essential in this result that the stopping time be bounded. In practice this will 
be the case in all of our financial applications, but Exercise 15 shows what can 
go wrong. More general versions of the theorem are available; see for example, 
Williams (1991). Here we satisfy ourselves with an application (see also Exer- 
cise 14). 


Proposition 2.4.4 Let {Sn}n>0 be the (asymmetric) simple random walk of 
Example 2.3.7 with p > 1/2. For x € Z we write 


T; = inf {n : S, =x}, 
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E x 
g(x) = (=) 
P 
1-6) 
(a) — ob) 


and define 


Then fora <0 <b, 
P[T < Th]= 


Proof: We first show that {¢ (Sn)}n>0 is a P-martingale. Since the walk can only take 
one step at a time, —n < Sn < n. Using also that 0 < (1 — p)/p < 1 for p > 1/2, 
we evidently have that 


E [ló (Sn)|] < œ, Vn. 


To check that we really have a martingale is reduced to another exercise in 
conditional expectations. We must calculate 


[CSa Dl Fn]. 


Recall that Sn+1 = Se Ej = Sn + &n41, where, under P, the random variables &; 
are independent and identically distributed with 


P= 1]=p and Pié; =-1]= 1- p. 


This gives 


L= En+1 
E [6 (Sn41)| Fa] | es ( 2) 


_ Ent 
= ssal (=) l 
PpP 
l—p\! tp 
(Sn) eE) +a-p) (=) ) 
P P 


(Sn). 


We should now like to apply the Optional Stopping Theorem to the stopping time 
T = Ta ^ Tp, the first time that the walk hits either a or b. The difficulty is that T is 
not bounded. Instead then, we apply the theorem to the stopping time T A N for an 
arbitrary (deterministic) N. This gives 


1 = El¢(So)] = Elo Sra] 
o(a)P [Sr =a,T < N]+(b)P [Sp =b,T < NJ+E[(Sw),T >N]. 
(2.8) 


Now 


0<E[o(Sy), T > N] 


L[o(Sy)|T > NIP[T >N] 


(2) + (4) PIT >N], 
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2.4 SOME IMPORTANT MARTINGALE THEOREMS 
and since P[T > N] > Oas N —> œ, we can let N — oo in (2.8) to deduce that 
p(a)P [Sr = a] + $(b)P [Sr = b] = 1. (2.9) 


Finally, since P[Sr =a] = 1 — P[Sr = b], and P[T, < Th] = P[Sr =a], 
equation (2.9) becomes 


aP [Ta < Th] + (6) -PIT < T]) = 1. 


Rearranging, 


PIT, < Tp] = aa a 
g(a) — o(b) 


as required. 


Often one can deduce a great deal about martingales from apparently scant informa- 
tion. An example is the result of Exercise 12 which says that a previsible martingale 
is constant. Another example is provided by the following result. 


Theorem 2.4.5 (Positive Supermartingale Convergence Theorem) Tf {Xn}n>o is a 
(P, {Fn}n>0)-supermartingale and X, > O for all n, then there exists an Fæ- 
measurable random variable, Xo, with E [Xœ] < œ such that with P-probability 
one 


Xn > X% asn—> œ. 


A proof of this result is beyond our scope here, but can be found, for example, in 
Williams (1991). 


Before returning to some finance, we record just one more result. Recall that 
submartingales tend to rise on the average and supermartingales fall on the average. 
The following result, sometimes called compensation, says that we can subtract a 
non-decreasing process from a submartingale to obtain a martingale and we can add 
a non-decreasing process to a supermartingale to obtain a martingale. In both cases, 
the interesting thing is that the non-decreasing processes are previsible. 


Proposition 2.4.6 


Suppose that {Xn}n>0 is a (P, {Fn}n>0)-submartingale. Then there is a previs- 


ible, non-decreasing process {An}n>0 such that {Xn — An}n>o is a (P, {Fn}n>0)- 
martingale. If we insist that Ag = 0, then {An}n>0 is unique. 
Suppose that {Xn}n>o is a (P, {Fn}n>0)-supermartingale. Then there is a previs- 
ible, non-decreasing process {An}n>1 such that {Xn + An}n>o is a (P, {Fn}n>0)- 
martingale. If we insist that Ag = 0, then {Ay}n>0 is unique. 


Proof: The proofs of the two parts are essentially identical, so we restrict our 
attention to 1. 
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Define Ag = 0 and then for n > 1 set 


An — An-| = E| Xn — Xn—1| Fn-1] - 


By definition {An}n>0 will be previsible and non-decreasing (since {Xy}n>0 is a 
submartingale). We must check that {X;, — An}n>o is a martingale. First we check 
that E[|X, — An|] < co for all n. 


2 [Xn — Anl] 


IA 


{[|Xnl] + E [An] 


= E[|X,l]+ | aoe Ela- arm) 


j=l 


= E[\Xall+ )\E[E[Xj — Xj-1|Fj-1]] (by definition of Aj) 


E(|X;|+|Xj-1|| Fi-1]] 


IA 
co 
X 
z 
Ta 


= E[|Xall+ 5 E[|xX;|+|Xj-1|] (tower property), 


and evidently this final expression is finite since by assumption E [|X; |] < oo for 
all j. 
Now we check the martingale property, 


i [Xni — An+il Fn] 

= E[ Xn 1 —E[ Xn41 — Xnl Fn] — An| Fa] (by definition of A,+1) 
= E[Xn41 — Xn41 + Xn — Anl Fn] 

= Xr An. 


It remains to check that if Ag = 0 then the process {Ay}n>0 is unique. Suppose that 
there were another predictable process {Bn }n>0 with the same property. Then {Xn — 
Anjn>o and {X, — By}n>0 are both martingales and, therefore, so is the difference 
between them, {An — By}n>o. On the other hand {A, — By}n>0 is predictable and 
predictable martingales are constant (see Exercise 12). Since Aọ = 0 = Bg, the 
proof is complete. 


Let’s see what these concepts correspond to in a financial example. 


Example 2.4.7 (American options revisited) Assume the binomial model and no- 
tation of §2.2 and let Q be the probability measure on the tree under which the 
discounted stock price {Sn}o<n<N is a martingale. We denote by {Vilo<n<N the 
discounted value of an American call or put option with strike K and maturity 
T = Not and define 


Roe e™’ (Sa — K), in the case of the call, 
"| e™™(K — Sa)+ in the case of the put. 
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(The filtration is always that generated by {Sn}o<n<n.) Then {Vi}o<n<N is the 
smallest Q-supermartingale that dominates {Bn}o<n<n. 
In Exercise 16 it is shown that this characterisation provides yet another simple proof 


of Lemma 2.2.2. 


Explanation for example: We know from §2.2 that 


ai = max | B, l> zQ [ 


Feats O<n<QN, 


and Vy = By. Evidently {Valozre N is a Supermartingale that dominates 
{Bn}o<n< N. To check that it is the smallest supermartingale with this property, 
suppose that {Un}o<n< N is any other supermartingale that dominates {By} n>o- Then 
Un > Vy, and if Ün > V,,, then 


Ün 12 2] Oh 


Fn | = 2 V, 


Feil ; 


and so 


Un-1 = max { B, 1; pQ [7% Frail = Vere 


The result follows by backwards induction. The process {Vi}o<n< N is Called the 
Snell envelope of {Bn}o<n<n. 


Remark: Proposition 2.4.6 tells us that we can write 
Vn = Mn — An 

where {Mn}n>0 is a martingale and {An}n>0 is a non-decreasing process, with Ag = 
0. Since the market is complete, we can hedge My exactly by holding a portfolio 
that consists over the nth time step of n units of stock and y, units of cash bond. 
The seller of the American option would more than meet her liability by holding 
such a portfolio. The holder of the option will exercise at the first time j when A +1 
is non-zero (recall that the process {An}n>0 is previsible), since at that time it is 


better to sell the option and invest the money according to the hedging portfolio 


{@n, Wn)hji<n<N- 


The Binomial Representation Theorem 


Pricing a derivative in the martingale framework corresponds to taking an expec- 
tation. But arbitrage prices are only meaningful if we can construct a hedging 
portfolio. If we know the hedging portfolio then we saw in the discussion preceding 
Definition 2.3.10 that we can express the discounted value of the portfolio, and 
therefore of the derivative, as a “discrete stochastic integral’ of the stock holding 
in the portfolio with respect to the discounted stock price. In order to pass from 
the discounted price of the derivative to a hedging portfolio we need the following 
converse to Proposition 2.3.11. We work in the context of our binomial model of 
stock prices. 
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Theorem 2.5.1 (Binomial Representation Theorem) Suppose that the measure Q 
is such that the discounted binomial price process {5 eso is a Q-martingale. 
If {Vn}n>0 is any other (Q, {Fn}n>0)-martingale, then there exists an {Fn}n>0- 
predictable process {@n}n>1 such that 


nal 
tn =% Y bjn (Si41 — 55). (2.10) 
j=0 


Proof: We consider a single time step for our binomial tree. It is convenient to write 
AVi41 = Vi41— Vi and ASj41 = Si+1 — Sj. 


Given their values at time iôt, each of Vi4 1 and Si4t can take on one of two possible 
values that we denote by {V41 (u), Vi+1(d)} and {S1 0), Si41(d)} respectively. 

We should like to write AV; H = Qi 1AS; +1 + ki41, where $j+1 and kj, are 
both known at time iôt. In other words we seek ġ;+1 and kj41 such that 


Vier(u) — Vi = O41 (Sir) = si) + ki+1, 


and 
Pad — Vi = diss (Sad — Ši) + hist. 


Solving this gives 
Vi+1(u) — Vis) 
i+ == = 
Si+1 (u) — Si41(d) 


and kj4) = Vi41(u) — V; — Qi+ı (Sir) — Š). both of which are known at time 
iôt. 
Now {Vi }i>0 and {Ši }i>0 are both martingales so that 


[Aal Fi] =0= [Asal Fi] 


from which it follows that kj+, = 0. 
In other words, 


AVi41 = G41 ASi-41, 


where ¢j+1 is known at time iôt. Induction ties together all these increments into the 
result that we want. 


From our previous work, we know that if {V;} i>o is the discounted price of a claim, 
then such a predictable process {¢;};>1 arises as the stock holding when we construct 
our replicating portfolio. We should like to go the other way. Given {¢;};>1, can we 
construct a self-financing replicating portfolio? Not surprisingly, the answer is yes. 
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Construction strategy: At time i, buy a portfolio that consists of @;+1 units of stock 
and V; — Qi+15; units of cash bond. 

We must check that this strategy really works. It is convenient to write B; for the 
value of the bond at time iôt. 

Suppose that at time iôt we have bought ġ;+1 units of stock and (V, — di+1 i) 
units of cash bond. This will cost us 


z S; = 
baisi + (Vi diss) B = 0B =v, 
L 
The value of this portfolio at time (i + 1)ôt is then 


Si+ Si ~ 
Biyi( Qi meee nf 
i (ra (E x) as ‘ 


Vint Bj+1 (by the binomial representation) 
= Viy, 


> S; 
Qi+1Si+1 + (7 = bai) Bi 
L 


which is exactly enough to construct our new portfolio at time (i + 1)ôt. Moreover, 
at time Nôt we have precisely the right amount of money to meet the claim against 
us. 


Three steps to replication: There are three steps to pricing and hedging a claim 

Cr against us at time T. 

e Find a probability measure Q under which the discounted stock price (with 
its natural filtration) is a martingale. 

e Form the discounted value process, 


V; =e ty, = EQ le Ter) Fi] ; 
e Find a predictable process {¢ġ;i}1<i<y such that 


AV; = ġi AŠ. 


Overture to continuous models 


Before rigorously deriving the acclaimed Black-Scholes pricing formula for the 
value of a European option, we are going to develop a substantial body of material. 
As an appetiser though, we can use our discrete techniques to see what form our 
results must take in the continuous world. 

It is easy to believe that we should be able to use a discrete model with very small 
time periods to approximate a continuous model. The Black-Scholes model is based 
on the lognormal model that we mentioned in §1.2. With this in mind, we choose our 
approximation to have constant growth rate and constant ‘noise’. 
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The model is parametrised by the time period, ôt, and three fixed constant parame- 
ters, v, o and the riskless rate r. 

e The cash bond has the form B, = e”, which does not depend on the interval 
size. 

e The stock price process follows the nodes of a binomial tree. If the current value 
of the stock is s, then over the next time period it moves to the new value 


s exp(vôt + oVJ/5t) if up, 
sS exp(vôt — avât) if down. 


Suppose our belief is that the jumps are equally likely to be up or down. So under 
the market measure, P [up jump] =1/2=P [down jump] at each time step. 
For a fixed time ¢, set N to be the number of time periods until time f, that is 


N = t/ôt. Then 
2Xyn —N 
St =] So exp ( +ovi(=4—*)) > 


where Xy is the total number of the N separate jumps which were up jumps. To see 
what happens as ôt — 0 (or equivalently N — oo) we call on the Central Limit 
Theorem. 


Theorem 2.6.1 (Central Limit Theorem) Let &1, &2,... be a sequence of indepen- 
dent identically distributed random variables under the probability measure P with 
finite mean u and finite non-zero variance o? and let Sn = £1 +... + En. Then 

Sp — ne 


no? 


converges in distribution to an N (0, 1) random variable as n > œ. 


Now Xy is the sum of N independent random variables {&;}1<;<n taking the value 
+1 with probability 5 and 0 otherwise. This means E [&;] = 5 and var [&] = i so 
that by the Central Limit Theorem, the distribution of the random variable (2X y — 
N)//N converges to that of a normal random variable with mean zero and variance 
one. In other words, as ôt gets smaller (and so N gets larger), the distribution of S; 
converges to that of a lognormal distribution. More precisely, in the limit, log S, is 
normally distributed with mean log So + vt and variance o7t. 


This is what happens under the original measure P. What happens under the 
martingale measure, Q, that we use for pricing? 
By Lemma 1.3.2, under the martingale measure, the probability of an up jump is 


exp(rét) — exp(vét — os ôt) 
exp(vôt + ov st) — exp(vôt — os ôt) 


which is approximately 
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So under the martingale measure, Q, Xy is still binomially distributed, but now has 
mean Np and variance Np(1 — p). 

Thus, under Q, (2X ny — N)//N has mean that tends to —/t (v + 50° — r) /o 
and variance that approaches one as ôt tends to zero. Again using the Central Limit 
Theorem the random variable (2X y — N)//N converges to a normally distributed 
random variable, with mean —./t ( v + 507 — r) /o and variance one. Under Q 


then, S; is lognormally distributed with mean log So + (r — 50°)t and variance o°t. 


This can be written 
l 4 
S; = exp oVtZ+ ae t), 


where, under Q, the random variable Z is normally distributed with mean zero and 
variance one. 


If our discrete theory carries over to the continuous limit, then in our continuous 
model the price at time zero of a European call option with strike price K at time 
T will be the discounted expected value of the claim under the martingale measure, 
that is 


Efe"? (Sp — K)4], 


where r is the riskless rate. Substituting, we obtain 


zQ | (so exp (ovrz 50r) K exp ( m) |: (2.11) 
+ 


We’ll derive this pricing formula rigorously in Chapter 5 where we’ll also show that 
equation (2.11) can be evaluated as 


log Ẹ + (r +407) T 7 log Ẹ + (r - 30?) T 
Ke" ® 


So® ; 
s hi o/T 


where © is the standard normal distribution function, 


en? dx, 


z 1 
o@)=O1z sa= f ce 


Exercises 


Notice that, like the single period ternary model of Chapter 1, the two-step binomial 
model allows the stock to take on three distinct values at time 2. Show, however, that 
every claim can be exactly replicated by a self-financing portfolio, that is, the market 
is complete. 

More generally, show that if the market evolves according to a k-step binomial model 
then it is complete. 
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Show that the price of a claim obtained by backwards induction on the binomial tree 
is precisely the value obtained by calculating the discounted expected value of the 
claim with respect to the path probabilities introduced in §2.1. 


Consider two dates Tọ, T} with Tg < Tı. A forward start option is a contract in 
which the holder receives at time Tọ, at no extra cost, an option with expiry date T; 
and strike price equal to Sy, (the asset price at time Tọ). Assume that the stock price 
evolves according to a two-period binary model, in which the asset price at time To 
is either Sou or Sod, and at time T; is one of Sou, Soud and Sod? with 


d < min Tas, gor] < max fart, gaa] <u, 


where r denotes the risk-free interest rate. Find the fair price of such an option at 
time zero. 


A digital option is one in which the payoff depends in a discontinuous way on the 
asset price. The simplest example is the cash-or-nothing option, in which the payoff 
to the holder at maturity T is X1isp>g} where X is some prespecified cash sum. 
Suppose that an asset price evolves according to the binomial model in which, at 
each step, the asset price moves from its current value S, to one of S „u and S,d. As 
usual, if AT denotes the length of each time step, d < e"^T < u. 


Find the time zero price of the above option. You may leave your answer as a sum. 


Let C, denote the value at time t of an American call option on non-dividend-paying 
stock with strike price K and maturity T. If the risk-free interest rate is r > 0, prove 
that 


C: > St = Kee > St = K, 


and deduce that it is never optimal to exercise this option prior to the maturity time, 
T. 


Let C; be as in Exercise 5 and let P, be the value of an American put option on the 
same stock with the same strike price and maturity. By comparing the values of two 
suitable portfolios, show that 


Cr+ K > P+ S. 
Using put—call parity for European options and the result of Exercise 5, show that 
P, > Ci + Ke — S. 
Combine these results to see that, ifr > O andt < T, 
Si — K < C; — P; < S — Ke-9 


and deduce that if interest rates are zero, there is no advantage to early exercise of 
the put. 
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EXERCISES 


If a stock price is S just before a dividend D is paid, what is its value imme- 
diately after the payment? Suppose that a stock pays dividends at discrete times, 
To, Ti, ... , Ta. Show that it can be optimal to exercise an American call on such a 
stock prior to expiry. 


Suppose that the stock in Figure 2.3 will pay a dividend of 5% of its value at time 
2. As before, interest rates are zero and between times 2 and 3 the value of the stock 
will either increase or decrease by 20. Find the time zero price of an American call 
option on this stock with strike 100 and maturity 3. Is it ever optimal to exercise 
early? 


Consider the American put option of Example 2.2.3, but now suppose that interest 
rates are such that a $1 cash bond at time iôt is worth $1.1 at time (i + 1)ét. Find the 
value of the put. At what time will it be exercised? 


Suppose that an asset price evolves according to the binomial model. For simplicity 
suppose that the risk-free interest rate is zero and AT is 1. Suppose that under the 
probability P, at each time step, stock prices go up with probability p and down with 
probability 1 — p. 

The conditional expectation 


Mn = El Sw|Fnl, 1<n<N, 


is a stochastic process. Check that it is a P-martingale and find the distribution of the 
random variable M,,. 


(a) Find a Markov process that is not a martingale. 
(b) Find a martingale that is not a Markov process. 


Show that a previsible martingale is constant. 


Let {Sn}n>0 be simple random walk under the measure P. Calculate E[S,] and 
var [Sn]. 


Let {Sn}n>0 be a symmetric simple random walk under the measure P, that is, in the 
notation of Example 2.3.7, p = 1/2. Show that {S7}5 50 is a P-submartingale and 
that {s2 — n}n>0 is a P-martingale. 

Let T = inf{n : Sn ¢ (—a, a)}, where a € N. Use the Optional Stopping Theorem 
(applied to a suitable sequence of bounded stopping times) to show that E [T] = a’. 


As in Exercise 14, let {S;}n>0 be a symmetric simple random walk under P and write 
Xn = Sn + 1. (Note that {Xn}n>0 is a simple random walk started from 1 at time 
zero.) 

Let T = inf{n : Xn = 0}. Show that T is a stopping time and that if Y, = XT ^n, then 
{Yn}n>o is a non-negative martingale and therefore, by Theorem 2.4.5, converges to 
a limit, Yoo as n > œ. 

Show that E[Y,] = 1 for all n, but that Yo = 0. Why does this not contradict the 
conclusion of the Optional Stopping Theorem? 
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16 Recall Jensen’s inequality: if g is a convex function and X a real-valued random 
variable then 


E[g(X)] > g (E[X)). 


Combine this with the characterisation (Example 2.4.7) of the discounted price 
of an American call option on non-dividend-paying stock as the smallest Q- 
supermartingale that dominates {e~" nôt (S, — K )+}n>0 to prove that the price of an 
American call on non-dividend-paying stock is the same as that of a European call 
with the same strike and maturity. 


3 Brownian motion 


A characteri- 
sation of 
simple ran- 
dom walks 


Summary 


Our discrete models are only a crude approximation to the way in which stock 
markets actually move. A better model would be one in which stock prices can 
change at any instant. As early as 1900 Bachelier, in his thesis ‘La théorie de la 
spéculation’, proposed Brownian motion as a model of the fluctuations of stock 
prices. Even today it is the building block from which we construct the basic 
reference model for a continuous time market. Before we can proceed further we 
must leave finance to define and construct Brownian motion. 

Our first approach will be to continue the heuristic of §2.6 by considering 
Brownian motion as an ‘infinitesimal’ random walk in which smaller and smaller 
steps are taken at ever more frequent time intervals. This will lead us to a natural 
definition of the process. A formal construction, due to Lévy, will be given in §3.2, 
but this can safely be omitted. Next, $3.3 establishes some facts about the process 
that we shall require in later chapters. This material too can be skipped over and 
referred back to when it is used. 

Just as discrete parameter martingales play a key rôle in the study of random 
walks, so for Brownian motion we shall use continuous time martingale theory to 
simplify a number of calculations; §3.4 extends our definitions and basic results on 
discrete parameter martingales to the continuous time setting. 


Definition of the process 


The easiest way to think about Brownian motion is as an ‘infinitesimal random walk’ 
and that is often how it arises in applications, so to motivate the formal definition we 
first study simple random walks. 


We declared in Example 2.3.7 that the stochastic process {S,}n>0 is a simple random 
walk under the measure P if S, = ae , i where the &; can take only the values 
{—1, +1} and are independent and identically distributed under P. We concentrate 
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on the symmetric case when 


1 
Pé; = -1] = 5 = P[& = +1]. 


This process is often motivated as a model of the gains from repeated plays of a 
fair game. For example, suppose I play a game with a friend in which each play is 
equivalent to flipping a fair coin. If it comes up heads I pay her a dollar, otherwise 
she pays me a dollar. For each n, Sn models my net gain after n plays. 

Recall from Exercise 13 of Chapter 2 that E[S,] = 0 and var(S,) = n. 


Lemma 3.1.1 {Sn}n>o0 is a P-martingale (with respect to the natural filtration) 
and 


cov(Sn, Sn) =n Am. 


Proof: We checked in Example 2.3.7 that {S,}n>0 is a P-martingale. It remains to 
calculate the covariance. 


cov(Sn, Sm) = ELSp Sm] — ElSp JES] 
= EES) Sml Fman]] (tower property) 
= E[SmanE [Smvn|Fman]] 
=- S2 an] (martingale property) 


= var(Sman) = MAn. 


As a result of the independence of the random variables {&;};>1,if0 <i<j<k< 
L, then S; — S; is independent of S; — Sx. More generally, if 0 <i; < i2 < ++- < in, 
then {5;, — S;,_, : | < r < n} are independent. Moreover, if j — i = l — k = m, say, 
then Sj — S; and S; — Sp both have the same distribution as Sm. 


Notation: For two random variables X and Y we write 
D 
X=Y 


to mean that X and Y have the same distribution. 


We also write X ~ N(w, o?) to mean that X is normally distributed with 


mean jz and variance o°. 


Combining the observations above we have 


Lemma 3.1.2 Under the measure P the process {Sn}n>0 has stationary, indepen- 
dent increments. 
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3.1 DEFINITION OF THE PROCESS 


Lemmas 3.1.1 and 3.1.2 are actually enough to characterise symmetric simple 
random walks. 


Recall that we want to think of Brownian motion as an infinitesimal random walk. 
In terms of our gambling game, the time interval between plays is ôt and the stake 
is ôx say, and we are thinking of both of these as ‘tending to zero’. In order to 
obtain a non-trivial limit, there has to be a relationship between ôt and ôx. To see 
what this must be, we use the Central Limit Theorem (stated in §2.6). In our setting, 
u = E[é;] = 0 and o? = var(&;) = 1. Thus, taking ôt = 1/n and ôx = 1/,/n, 


Sn | f 1 2n 
P <x| > e™ dy asn > oo. 
Fa -œ V2n 4 


More generally, 


S a 1 
P| vi =x] j Í. ggo asn > 00, 


where [nt] denotes the integer part of nt (Exercise 1). For the limiting process, at 


time ¢ our net gain since time zero will be normally distributed with mean zero and 
variance t. 


Just as in our definition of a discrete time stochastic process, to define a continuous 
time stochastic process {X;};>0 (formally) requires a probability triple (Q, F, P) 
such that X; is F-measurable for all t. However, as in the discrete case, we shall 
rarely specify Q explicitly. 

Heuristically, passage to the limit in the random walk suggests that the following 
is a reasonable definition of Brownian motion. 


Definition 3.1.3 (Brownian motion) A real-valued stochastic process {W;};>0 is 
a P-Brownian motion (or a P-Wiener process) if for some real constant o, under P, 


for each s > Oandt > 0 the random variable W;4s — Ws has the normal distribution 
with mean zero and variance ot, 


for each n > 1 and any times 0 < tọ < ti < +++ < tn the random variables 
{W,. — W,,_,} are independent, 
Wo = 0, 


W; is continuous in t > Q. 


Remarks: Conditions 1 and 2 ensure that, like its discrete counterpart, Brownian 
motion has stationary independent increments. 

Condition 3 is a convention. Brownian motion started from x can be obtained as 
{x + Wih>o. 

In a certain sense condition 4 is a consequence of the first three, but we should 
like to insist once and for all that all paths that our Brownian motion can follow are 


continuous. 


54 


BROWNIAN MOTION 


The parameter ø? is known as the variance parameter. By scaling of the normal 
distribution it is immediate that {W;/c}:>0 is a Brownian motion with variance 
parameter one. 


Definition 3.1.4 The process with o? = 1 is called standard Brownian motion. 


Assumption: Unless otherwise stated we shall always assume that o? = 1. 


Combining conditions | and 2 of Definition 3.1.3, we can write down the transition 
probabilities of standard Brownian motion. 


P[W,, < Xn| W; = xi, 0 <i <n- 1] = P[W,, — Wi, < Xn — Xn-1] 
2 


Xn—Xn-1 


1 
exp( “ Jaw 
—0o f 2 (ty — th—1) 2(tn — tn—1) 


Notation: We write p(t, x, y) for the transition density 


(t,x, y) = l ex Ga 
ih caer ad 2 J 


This is the probability density function of the random variable W,+s conditional on 
W; =x. 

For 0 = tọ < fi < h <- < tn, writing x9 = 0, the joint probability density 
function of W;,,..., W, can also be written down explicitly as 


n 
fi,- Xn) = | [ea — tj-1,Xj-1, Xj). 
1 


The joint distributions of W}, ... , W, for each n > 1 and all t1, ... , t are called 
the finite dimensional distributions of the process. 
The following analogue of Lemma 3.1.1 is immediate. 


Lemma 3.1.5 For any s,t > 0, 


) [ Ww, ts — W; | {W,}o<r<s | Sa 0, 
cov(W,, W) =s At. 


In fact since the multivariate normal distribution is determined by its means and 
covariances and normally distributed random variables are independent if and only 


55 


Figure 3.1 


Behaviour of 
Brownian 
motion 


3.1 DEFINITION OF THE PROCESS 


15 13 
t 
i 1.2 
1 
11 
0.5 i 
0 0.9 
0 02 o4 O06 O08 1 0.46 0.48 05 052 0.54 
re 1.13 
1.15 1.12 
11 1.11 
11 
1.05 
1.09 
1 
0.51 0.512 0514 0.516 0.518 0.5116 0.512 0.5124 


Zooming in on Brownian motion. 


if their covariances are zero, this, combined with continuity of paths, characterises 
standard Brownian motion. 


Just because the sample paths of Brownian motion are continuous, it does not mean 
that they are nice in any other sense. In fact the behaviour of Brownian motion is 
distinctly odd. Here are just a few of its strange behavioural traits. 


Although {W;};>0 is continuous everywhere, it is (with probability one) differen- 
tiable nowhere. 


Brownian motion will eventually hit any and every real value no matter how large, 
or how negative. No matter how far above the axis, it will (with probability one) be 
back down to zero at some later time. 


Once Brownian motion hits a value, it immediately hits it again infinitely often (and 
will continue to return after arbitrarily large times). 


It doesn’t matter what scale you examine Brownian motion on, it looks just the same. 
Brownian motion is a fractal. 


Exercise 9 shows that the process cannot be differentiable at t = 0. We shall discuss 
some properties related to the hitting probabilities in §3.3 and in Exercise 8. The 
scaling alluded to in our last comment is formally proved in Proposition 3.3.7. It 
is really a consequence of the construction of the process. Figure 3.1 illustrates the 
result for a particular realisation of a Brownian path. 

That such a bizarre process actually exists is far from obvious and so it is to this 
that we turn our attention in the next section. 
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Lévy’s construction of Brownian motion 


We have hinted that Brownian motion can be obtained as a limit of random walks. 
However, rather than chasing the technical details of the random walk construction, 
in this section we present an alternative construction due to Lévy. This can be omitted 
by readers willing to take existence of the process on trust. 


The idea is that we can simply produce a path of Brownian motion by direct 
polygonal interpolation. We require just one calculation. 


Lemma 3.2.1 Suppose that {W;}:>0 is standard Brownian motion. Conditional 
on W, = x1, the probability density function of Wy j2 is 


x 2 1 x— ix z 
TE a 


In other words, the conditional distribution is a normally distributed random variable 
with mean x; /2 and variance tı /4. The proof is Exercise 11. 


The construction: Without loss of generality we take the range of t to be [0, 1]. Lévy’s 
construction builds (inductively) a polygonal approximation to the Brownian motion 
from a countable collection of independent normally distributed random variables 
with mean zero and variance one. We index them by the dyadic points of [0, 1], a 
generic variable being denoted by & (k2-") where n € N and k € {0,1,... , 27}. 

The induction begins with 

X1(t) = t&(1). 

Thus X; is a linear function on [0, 1]. 

The nth process, Xn, is linear in each interval [(k — 1)2~”", k2~”], is continuous 
in ft and satisfies X„ (0) = O. It is thus determined by the values {X„(k27”), k = 
Ly ce 5 2h 


The inductive step: We take 
Bi (2) x, a ae (ar), 


We now determine the appropriate value for X,,+ ((2k — 1)27®+D), Conditional 
on Xn41 (2k27®+D) — X41 (2(k — 127+), Lemma 3.2.1 tells us that 


Xni (Qk — NI-P) — Xpy (2% - 927+) 
should be normally distributed with mean 


1 
(Xas (2-0) mp ae, (2 z DAR) 


and variance 27 “+2, 
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Figure 3.2 Lévy’s sequence of polygonal approximations to Brownian motion. 


Now if X ~ N(0, 1), then aX + b ~ N(b, a?) and so we take 
Xarı (Qk = 2) — Kuga (2 = 2-4) 
= Pm eas (2k = Heh) 


i 
+5 (Xn (22 0) SKi (24 = Dae ))) 


In other words 
1 
Xni (k= YY) = ZX (k-12) 


1 
+ ETA (Qk - D2) 
= X, (2k = ia") 


4 270/2+Dg (ok = pan) i (3.1) 


where the last equality follows by linearity of X, on [(k — 1)27”, k2~"]. 
The construction is illustrated in Figure 3.2. 


Convergence Brownian motion will be the process constructed by letting n increase to infinity. To 
to Brownian check that it exists we need some technical lemmas. The proofs are adapted from 
motion Knight (1981). 

Lemma 3.2.2 


P| lim X,,(t) exists for 0 < t < 1 uniformly in | =i 
n—-> CO 


Proof: Notice that max; |Xn+1 (t) — Xn (t)| will be attained at a vertex, that is for 
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t € {(2k —1)2-@+): k = 1,2,... , 2} and using (3.1) 


P [max Xn (D = Xn = 2-4] 


P| max &((2k —1)2-“*+)) > en 
1<k<2" 


IA 


2" P[E(1) > uer; 
Now using the result of Exercise 7 (with t = 1), for x > 0 


os) 
grr, 


PECO) > x] < — 
X 


and combining this with the fact that 
exp (2007240) < 272n+2 
we obtain that for n > 4 
27 1 
< 
= gn/4+1 Jn 


Consider now fork > n > 4 


2p [ely = 2/41] exp (-204) < Ta? coe 


n/4+1 
P [max [Xi() — X, Ol = ane) =1-P [max |Xk(t) — Xn(0)| < jaa] 
and 


P [max X0) — X0 s 27t] 


k—1 
D i _y. —n/443 
> B max |X 0O- Xj(0)| <2 l 


j=n 


> P| max |X jO- XO] <27, jan... k-1] 


k-1 
Tix bees: Sager 


j=n 


IV 


Finally we have that 
Fma O- Xn] = 2-43 | x 2-4, 


for all k > n. The events on the left are increasing (since the maximum can only 
increase by the addition of a new vertex) so 


P [max |X; (t) — Xa (O| > 27"/4*3 for some k > n] agl 
t 
In particular, for € > 0, 


lim P [For some k > nandt < 1, |Xx(t) — Xn(f)| > €] = 0, 
n—->Co 


which proves the lemma. 
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To complete the proof of existence of the Brownian motion, we must check the 
following. 


Lemma 3.2.3 Let X(t) = limp+oo Xn(t) if the limit exists uniformly and 0 
otherwise. Then X (t) satisfies the conditions of Definition 3.1.3 (for t restricted to 


[0, 1]). 


Proof: By construction, the properties 1-3 of Definition 3.1.3 hold for the approx- 
imation X,,(t) restricted to Tp = {k2~": k = 0,1,... ,2”}. Since we don’t change 
X; on T, for k > n, the same must be true for X on Eaa 1 Jn. A uniform limit of 
continuous functions is continuous, so condition 4 holds and now by approximation 
of any 0 < t1 < th <--- <4, < 1 from within the dense set aes T, we see that in 
fact all four properties hold without restriction for t € [0, 1]. 


The reflection principle and scaling 


Having proved that Brownian motion actually exists, we now turn to some calcula- 
tions. These will amount to no more than a small bag of tricks for us to call upon in 
later chapters. There are many texts devoted exclusively to Brownian motion where 
the reader can gain a more extensive repertoire. 


By its very construction, Brownian motion has no memory. That is, if {W;}/>0 is 
a Brownian motion and s > 0 is any fixed time, then {W;+s — Ws}r>0 is also a 
Brownian motion, independent of {W,}o<;-<s. What is also true is that for certain 
random times, T , the process {Wr4; — Wr}+>0 is again a standard Brownian motion 
and is independent of {W;: 0 < s < T}. We have already encountered such random 
times in the context of discrete parameter martingales. 


Definition 3.3.1 A stopping time T for the process {W;}:>0 is a random time such 
that for each t, the event {T < t} depends only on the history of the process up to 
and including time t. 


In other words, by observing the Brownian motion up until time t, we can determine 
whether or not T < t. 


We shall encounter stopping times only in the context of hitting times. For fixed 
a, the hitting time of level a is defined by 


Ta = inf{t > 0: W, =a}. 


We take T4 = œ if a is never reached. It is easy to see that T, is a stopping time 
since, by continuity of the paths, 


{Ta < t} = {W, =a for some s,0 < s < t}, 


which depends only on {W;, 0 < s < t}. Notice that, again by continuity, if T4 < oo, 
then Wr, = a. 
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Just as for random walks, an example of a random time that is not a stopping time 
is the last time that the process hits some level. 


Not surprisingly, there is often much to be gained from exploiting the symmetry 
inherent in Brownian motion. As a warm-up we calculate the distribution of T4. 


Lemma 3.3.2 Let {W;};>0 be a P-Brownian motion started from Wo = 0 and let 
a > 0; then 
P[T, <t]=2P[W, >a]. 


Proof: If W, > a, then by continuity of the Brownian path, Ta < t. Moreover, since 
Ta is a stopping time, [Wir = Wr, } is a Brownian motion, so, by symmetry, 
P[W; — Wr, > O|Tq < t] = 1/2. Thus 


t>0 


PIW, > a] = P[T < t, W; =? Wr, > 0] 
= PT, <t]P[W; — Wr, > 0|Ta < t] 


1 


A more refined version of this idea is the following. 


Lemma 3.3.3 (The reflection principle) Let {W;}:>0 be a standard Brownian mo- 
tion and let T be a stopping time. Define 


T W,, t<T, 
w=] 2Wr— W, t>T; 


then {Wihi>0 is also a standard Brownian motion. 


Notice that if T = T4, then the operation W; > W, amounts to reflecting the portion 
of the path after the first hitting time on a in the line x = a (see Figure 3.3). We don’t 
prove the general form of the reflection principle here. Instead we put it into action. 
The following result will be the key to pricing certain barrier options in Chapter 6. 


Lemma 3.3.4 (Joint distribution of Brownian motion and its maximum) Let M, = 
maxo<s<; Ws, the maximum level reached by Brownian motion in the time interval 
[0, t]. Then fora > 0, a > x and allt > 0, 


PLM, >a, W, < x] =1 ( ) 
kd — ja 
i l Jt 


where 


(x) = f 1 Ray 
—oo WV 27 


is the standard normal distribution function. 
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Sa 


The reflection principle when T = Tg. 


Proof: Notice that M, > 0 and is non-decreasing in ¢ and if, for a > 0, T4 is defined 
to be the first hitting time of level a, then {M; > a} = {Ta < t}. Taking T = Ta in 


the reflection principle, fora > 0,a > x andt > 0, 


P[M; >a,Wi <x] = PĮ[Ta < t, W; < x] 
= P[T, <t,2a—x < W,] 


= PRa-x<W] 
a -o (2) 
= F) 


In the third equality we have used the fact that if WŴ, > 2a — x then necessarily 
{W,; }s>0, and consequently {Ws }s>0, has hit level a before time t. 


For pricing a perpetual American put option in Chapter 6 we shall use the following 
result. 


Proposition 3.3.5 Set Tap = inf{t > 0: W; = a + bt}, where Ta p is taken to 
be infinite if no such time exists. Then for 0 > 0, a > Qand b > 0 


E [exp (—07,,»)] = exp (-a (v +vb? + 28) ) 2 


Proof: We defer the proof of the special case b = 0 until Proposition 3.4.9 when we 
shall have powerful martingale machinery to call upon. Here, assuming that result, 
we deduce the general result. 

Fix 0 > 0, and for a > 0, b > O, set 


Yla, b) = Bes |, 


BROWNIAN MOTION 


X=a,+a,+bt 


x=a,+ bt 


a,t Dy, +a, b7 Tab) 


„b Ta +a, b 


Figure 3.4 In the notation of Proposition 3.3.5, Ta,+4a),b = Tai,b + ‘ee where Tas has the same 
distribution as Ta, b- 


Now take any two values for a, a; and a2 say, and notice (see Figure 3.4) that 


D ~ 
Ta;+a7,b = Ta, ,b F (Taita,b = Toe) = Ta ,b + Tay,b, 


where ‘Da is independent of Ty,» and has the same distribution as Ta, ,p. In other 
words, 
(ai + a2, b) = Y (ai, b)Y (a, b), 
and this implies that 
Wa, b) = eh", 


for some function k(b). 

Since b > 0, the process must hit level a before it can hit the line a + bt. We 
use this to break T4,» into two parts; see Figure 3.5. Writing fr, for the probability 
density function of the random variable T, and conditioning on T4, we obtain 


CO 


a,b) = | fr OE 
0 
orp [etno] ar 
0 
0O 
f fr, He e bdt 
0 
= re PEE] 


= exp (~a V20 FEO): 


We now have two expressions for y (a, b). Equating them gives 


Tg = J dt 


ll 
Ss 
x 
~ 

~ 
~— 

nr 


k? (b) = 20 + 2k(b)b. 


Since for 9 > 0 we must have w(a, b) < 1, we choose 


k(b) = b+ Vb? + 20, 


which completes the proof. 
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bT, 


In the notation of Proposition 3.3.5, Ta,b = Ta + Tor,,b where Tor,,b has the same 
distribution as TT, p- 


Definition 3.3.6 For a real constant u, we refer to the process WË = W, + ut as 
a Brownian motion with drift u. 


In the notation above, Ta,» is the first hitting time of the level a by a Brownian motion 
with drift —b. 


We conclude this section with the following useful result. 


Proposition 3.3.7 
If {W:}+>0 is a standard Brownian motion, then so are 


{cW, ,.2}r=0 for any real c, 
{tWi/t}r>0 where tW\/; is taken to be zero when t = 0, 
{Ws — Ws-t}o<r<s for any fixed s > 0. 


Proof: The proofs of 1—3 are similar. For example in the case of 2, it is clear that 
tW1,; has continuous sample paths (at least for £ > 0) and that for any t,... , tn, 
the random variables {t)W1/1,,... , fn Wi/1,} have a multivariate normal distribution. 
We must just check that the covariance takes the right form, but 


1 1 
; [sWi/stW1r] = stE[W1/sW1/:] = st (; A *) =sAt, 


and the proof is complete. 


Martingales in continuous time 


Just as in discrete time, the notion of a martingale plays a key rôle in our continuous 
time models. 
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Recall that in discrete time, a sequence Xo, X1,... , Xn for which E[|X;|] < oo 
for each r is a martingale with respect to the filtration {F,},>0 and a probability 
measure P if 


[X F,-1] =X- forall > 1. 


We can make entirely analogous definitions in continuous time. 


Definition 3.4.1 Let F be ao-field. We call {F;};>0 a filtration if 


F, is a sub-o -field of F for all t, and 
Fs CF; fors <t. 


As in the discrete setting we are primarily concerned with the natural filtration, 
{FF ixo, associated with a stochastic process {X;};>0. As before, FZ encodes the 
information generated by the stochastic process X on the interval [0, ¢]. That is 
AE FX if, based upon observations of the trajectory {Xs}o<s<r, it is possible to 
decide whether or not A has occurred. 


Notation: If the value of a stochastic variable Z can be completely deter- 
mined given observations of the trajectory {Xs }o<s<; then we write 


Ze Fe. 


More than one process can be measurable with respect to the same filtration. 


Definition 3.4.2 Tf {Y:}+>0 is a stochastic process such that we have Y, € FA for 
all t > 0, then we say that {Y;}+>0 is adapted to the filtration {FA} so 


Example 3.4.3 


The stochastic process 


t 
Zt = f Xsds 
0 
is adapted to {FF iso: 


The process M; = maxo<s<t Ws is adapted to the filtration {FY h>0. 
The stochastic process Z, = W?,, — w? is not adapted to the filtration generated by 


(+1 
{W; }>0. 


Notice that just as in the discrete world we have divorced the rôles of the stochastic 
process and the probability measure. Thus a process may be a Brownian motion 
under the probability measure P, but the same process not be a Brownian motion 
under a different measure Q. 


Definition 3.4.4 Let (Q, F, P) be a probability space with filtration {F;}r>0. A 
family {M;}:>0 of random variables on this space with E[|M;|] < œ for all t > O is 
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a (P, {F:}+>0)-martingale if it is adapted to {F;};>0 and for any s < t, 


EP [M;| Fs] = Ms. 


By restricting the conditions to t € [0, T], we define martingales parametrised by 
[0, T]. 


Generally we shall be sloppy about specifying the filtration. In all of our examples 
there will be a Brownian motion around and it will be implicit that the filtration is 
that generated by the Brownian motion. 


A more general notion is that of local martingale. 
Definition 3.4.5 A process {X;}1+>0 is a local (P, {F }>0) -martingale if there is a 
sequence of {Fr }r>0-stopping times {Ta }n>1 such that {Xt^T, }t>0 is a (P, {F }>0)- 
martingale for each n and 
r| lim T, = o0] =1. 
noo 


All martingales are local martingales but the converse is false. It is because of 
this distinction that we impose boundedness conditions in many of our results of 
Chapter 4. 


Lemma 3.4.6 Let {W;}1>0 generate the filtration {F1};>0. If {Wr}:>0 is a stan- 
dard Brownian motion under the probability measure P, then 


W, is a (P, {Ft}1>0)-martingale, 
w2 — t isa (P, {F1}:>0)-martingale, 


52 
exp | oW, — a 
is a (P, {F+}:>0)-martingale, called an exponential martingale. 


Proof: The proofs are all rather similar. For example, consider M, = w? —t. 
Evidently E[|M;|] < co. Now 


E| w- wR] = E|- w? +26, w, -wo F| 
= E| W- WPA |+ 2WELW, — WIF 
= p= sy 
Thus 
[w2 -i F] = E[w?-w2+W?-@-9)-s|F] 


(t—s)+W?-(t-s)-s=W?--s. 
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What we should really like is the continuous time analogue of the Optional Stopping 
Theorem. In general, we have to be a little careful (see Exercise 17 for what can 
go wrong). Problems arise if the sample paths of our martingale are not sufficiently 
‘nice’. In all our examples the stochastic process will have cadlag sample paths. 


Definition 3.4.7 The function f : R —> R is cadlag if it is right continuous with 
left limits. 


In particular, continuous functions are automatically cadlag (continues à droite, 
limites 4 gauche). 


Theorem 3.4.8 (Optional Stopping Theorem) If {M;}1>0 is a cadlag martingale 
with respect to the probability measure P and the filtration {F;}:>0 and if t and t2 
are two stopping times such that ti < t2 < K where K is a finite real number, then 


z [|Ma |] < œ 


and 


y [ Mz,| Fr, | = Mz, P-a.s. 


Remarks: 


The term ‘a.s. (almost surely) means with (P-) probability one. 
Notice in particular that if t is a bounded stopping time then E[M,] = E[Mo]. 


Just as in the discrete case the Optional Stopping Theorem will be a powerful 
tool. We illustrate by calculating the moment generating function for the hitting 
time Tą of level a by Brownian motion. (This result was essential to our proof of 
Proposition 3.3.5.) 


Proposition 3.4.9 Let {W;}1>0 be a Brownian motion and let Ta = inf{s > 0: 
W, = a} (or infinity if that set is empty). Then for 0 > 0, 


|e 1] = eyla], 


Proof: We assume that a > 0. (The case a < 0 follows by symmetry.) We should 
like to apply the Optional Stopping Theorem to the martingale 


1 2 
M, = exp OWES Bert 


and the random time T4, but we encounter a familiar obstacle. We cannot apply 
the Theorem directly to Tą as it may not be bounded. Instead we take t1 = 0 and 
t2 = Ty An. This gives us that 


E [Mz, an] =1. 
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So 
1=E[|Mr, mn] = E[Mr,rn|To <n] PTa <n] 
+E[Mr,an| Ta > n| P[Ta > n]. (3.2) 


Now, by Lemma 3.3.2 and the result of Exercise 7, 
P[Ta < n]—> 1 asn — OO. 


Also, if Ta < 00, limpoo Mr, an = Mr,, whereas if Ta = 00, W; < a for all t and 
so limpo Mr, an = 0. Letting n — oo in equation (3.2) then yields 


E[ Mr, | = 1. 


Taking o* = 26 completes the proof. 


Arguments of this type are often simplified by an application of the Dominated 
Convergence Theorem. 


Theorem 3.4.10 (Dominated Convergence Theorem) Let {Zn}n>1 be a sequence 
of random variables with limp+oo Zn = Z. If there is a random variable Y with 
|Z,| < Y for alln and E[Y] < œ, then 


E[Z] = lim E[Z,]. 


noo 


In the proof of Proposition 3.4.9, since 


1 
0 < MT,^n = exp (owr — Ti (Ta A ») < exp (ca), 


we could take the constant e° as the dominating random variable Y. 


Exercises 


Suppose that {Sn }n>0 is a symmetric simple random walk under P. Show that 


p| ea <x T : exp y dy 
Jn ~ -oœ ORE 2t 


as n — oo where [nt] is the integer part of nt. 


Let Z be normally distributed with mean zero and variance one under the measure 
P. What is the distribution of ./tZ? Is the process X, = ./tZ a Brownian motion? 


Suppose that W, and W, are independent Brownian motions under the measure P and 
let o € [—1, 1] be a constant. Is the process X; = pW; + y 1 — eW, a Brownian 
motion? 
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Let {W;}:>0 be standard Brownian motion under the measure P. Which of the 
following are P-Brownian motions? 


(a) {—W}r>0, 
(b) {cW, [c2}1205 where c is a constant, 


(c) {/tWi},>0, 
(d) {Wz — W;}r>0.- 


Justify your answers. 


Suppose that X is normally distributed with mean ju and variance o”. Calculate 


e 


and hence evaluate E [x s; 


Prove Lemma 3.4.6.3. 


Prove that if {W;};>0 is standard Brownian motion under P then, for x > 0, 


9 T 2 Jt 2 
P[W; > x =f SS) Ay See 
[H l x Ẹ[s2rt a XN 2T 


[Hint: Integrate by parts.] 


Let {W;}:>0 be standard Brownian motion under P. Let Z = sup, W;. Evidently, for 
any c > 0, cZ has the same distribution as Z. Deduce that, with probability one, 
Z € {0, œ}. Let p = P [Z = 0]. By conditioning on the event {W; < 0}, prove that 


P[Z = 0] < P[W; < 0] P[Z = 0], 


and hence p = 0. Deduce that 


P sup W, = +00, inf W; = -o| =i; 
t 


Deduce from the result of Exercise 8 and the result of Proposition 3.3.7.2 that 
P [For each e > 0, ds, t < € such that W, < 0 < W,] = 1. 


Deduce that if {W;};>0 is differentiable at zero, then the derivative must be zero and 
hence |W;| < t for all sufficiently small t. By considering Ws £ sw /s» arrive at a 
contradiction and deduce that Brownian motion is not differentiable at zero. 


Brownian motion is not going to be adequate as a stock market model. First, it 
has constant mean, whereas the stock of a company usually grows at some rate, 
if only due to inflation. Moreover, it may be too ‘noisy’ (that is the variance of the 
increments may be bigger than those observed for the stock) or not noisy enough. 
We can scale to change the ‘noisiness’ and we can artificially introduce a drift, but 
this still won’t be a good model. Here is one reason why. Suppose that {W;};>0 is 
standard Brownian motion under P. Define a new process {S;};>0 by S; = ut+oW; 
where o > O and u € R are constants. Show that for all values of o > 0, u € R and 
T > O there is a positive probability that Sr is negative. 
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Suppose that {W;};>0 is standard Brownian motion. Prove that conditional on W; = 
x1, the probability density function of W; /2 is 


Let {W;}r>0 be standard Brownian motion under P. Let Ta be the ‘hitting time of 
level a’, that is 
Ta = inf{t > 0: W, =a}. 


Then we proved in Proposition 3.4.9 that 


J [exp (—6T,)] = exp (—av26) ; 


Use this result to calculate 


(a) E[T4], 
(b) P[Tg < co]. 


Let {W;};>0 denote standard Brownian motion under P and define { M; }r>0 by 


M, = max W,. 


O<s<t 


Suppose that x > a. Calculate 


(a) P[M; za, W, Z x], 
(b) P[M; > a, W, < x]. 


Let {W;}r>0 be standard Brownian motion under P. Let T4,» denote the hitting time 
of the sloping line a + bt. That is, 


Ta b = inf{t > 0: W, =a + bt}. 
We proved in Proposition 3.3.5 that for 0 > 0,a > O and b > 0 
[exp (—0Ta,b)] = exp (-a (o +vb? + 20) ) : 


The aim of this question is to calculate the distribution of T4 p, without inverting the 
Laplace transform. In what follows, ø (x) = ®’(x) and 


P(x) f ; ( oa 
x)= exp| —— F 

=09 20 k 2 2 
(a) Find P[Ta, b < ov]. 


(b) Using the fact that s W1/s has the same distribution as Ws, show that 


P [Ta b <t] = P[W; > as + b for some s with 1/t < s < œ]. 
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(c) By conditioning on the value of W1/;, use the previous part to show that 


b+a/t a+bt 
Ptasi] = [PL Tr-ra/na < 00] 6(vix) dx +1- o( a ) l 
—00 


(d) Substitute for the probability in the integral and deduce that 


bt —a a+ bt 
PIT, s]= eto ( jet o( J 
| ost Jt Jt 


Let {W;};>0 be standard Brownian motion under the measure P and let {F;};>0 
denote its natural filtration. Which of the following are (P, {F;};>0)-martingales? 


(a) exp (o W;), 
(b) cW,/,2, where c is a constant, 
(c) tW; — fj Weds. 


Let {F:}o<:<r denote the natural filtration associated to a standard P-Brownian 
motion, {W;}o<:<7. The result of Lemma 3.4.6.3 can be rewritten as 


1 1 
; [exp (ow, — 50%) : A] = exp (ow. — 50”) 14, forall A € F. 


Use differentiation under the integral sign to provide another proof that {w? — thro 
is a (P, {F;};>0)-martingale and show that the following are also (P, {F;},>0)- 
martingales: 


(a) WP — 3tW,, 
(b) W; — 6tW? + 377. 


Let (Q, F, P) be a probability space. Suppose that the real random variable T : Q —> 
R is uniformly distributed on [0, 1] under the measure P. Define {X;+};>0 by 


l, T()=t, 
0, Ti) £t. 


Check that {X;};>0 is a P-martingale with respect to its own filtration. [Hint: 
Conditional expectation is only unique to within a random variable that is almost 
surely zero.] 

Show that T is a stopping time for which the Optional Stopping Theorem fails. 


X;(@) = | 


As before, let Ta, Tp denote the first hitting times of levels a and b respectively of 
a P-Brownian motion, {W;};>0, but now Wo is not necessarily zero (see the remarks 
after Definition 3.1.3). Prove that if a < x < b then 

(b — x) 

(b-a) 

[Hint: Mimic the proof of the corresponding result for random walk, cf. Proposi- 
tion 2.4.4.] 


P[Ta < To| Wo = x] = 


Using the notation of Exercise 18, let T = Ta ^ Tp. Prove that ifa < 0 < b then 
S [T| Wo = 0] = —ab. 


4 Stochastic calculus 


Summary 


Brownian motion is clearly inadequate as a market model, not least because it would 
predict negative stock prices. However, by considering functions of Brownian motion 
we can produce a wide class of potential models. The basic model underlying the 
Black-Scholes pricing theory, geometric Brownian motion, arises precisely in this 
way. It will inherit from the Brownian motion very irregular paths. In §4.1 we 
shall see why a stock price model with rough paths is forced upon us by arbitrage 
arguments. This is not in itself sufficient to justify the geometric Brownian motion 
model. However in §4.7 we provide a further argument that suggests that it is at 
least a sensible starting point. A more detailed discussion of the shortcomings of the 
geometric Brownian motion model is deferred until Chapter 7. 

In order to study models built in this way, we need to develop a calculus based 
on Brownian motion. The Itô stochastic calculus is the main topic of this chapter. In 
§4.2 we define the It6 stochastic integral and then in §4.3 we derive the corresponding 
chain rule of stochastic calculus and learn how to integrate by parts. 

Just as in the discrete world, there will be two key ingredients to pricing and 
hedging in the Black-Scholes framework. First we need to be able to change the 
probability measure so that discounted asset prices are martingales. The tool for 
doing this is the Girsanov Theorem of §4.5. The construction of the hedging portfolio 
depends on the continuous analogue of the Binomial Representation Theorem, the 
Martingale Representation Theorem of §4.6. 

Again as in the discrete world, the pricing formula will be in the form of the 
discounted expected value of a claim. Black and Scholes obtained this result via a 
completely different argument (see Exercise 5 of Chapter 5) in which the price is 
obtained as the solution of a partial differential equation. The connection with the 
probabilistic approach is via the Feynman—Kac stochastic representation formula of 
§4.8 which exposes the intricate connection between stochastic differential equations 
and certain second order parabolic (deterministic) partial differential equations. 

Once again our coverage of this material is necessarily rather sketchy. Even 
so readers eager to get back to some finance may wish to skip the proofs in this 
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Two graphs of non-dividend-paying stock over long period (63 years) and short period 
(l year). 


chapter. There is no shortage of excellent stochastic calculus texts to refer to. Some 
suggestions are included in the bibliography. 


Stock prices are not differentiable 


Figure 4.1 shows the Microsoft share price over 65 year and | year periods. It 
certainly doesn’t look like a particularly nice function of time. Even over short 
time scales, the path followed by the price looks rough. There are many statistical 
studies that investigate the irregularity of paths of stock prices. In this section we 
explore through a purely mathematical argument of Lyons (1995) just how rough 
paths of our stock price model should be, at least under the assumption that we can 
trade continuously without incurring transaction costs and, as usual, that there are no 
arbitrage opportunities. We continue to suppose that our market contains a riskless 
cash bond. 


73 


Quantifying 
roughness 


Bounded 
variation and 
arbitrage 


4.1 STOCK PRICES ARE NOT DIFFERENTIABLE 


First we need a means of quantifying ‘roughness’. For a function f : [0,7] —> R, 
its variation is defined in terms of partitions. 


Definition 4.1.1 Let x be a partition of [0, T], N (x) the number of intervals that 
make up x and (7) be the mesh of x (that is the length of the largest interval in the 
partition). Write 0 = tọ < tı < +++ < tN(x) = T for the endpoints of the intervals of 
the partition. Then the variation of f is 


N(z) 


If the function is ‘nice’, for example differentiable, then it has bounded variation. Our 
‘rough’ paths will have unbounded variation. To quantify roughness we can extend 
the idea of variation to that of p-variation. 


Definition 4.1.2 In the notation of Definition 4.1.1, the p-variation of a function 
f : (0, T] > R is defined as 


N(x) 
lim į sup ft) — fG-v/?}. 
ô—>0 |s 2 | i 4 | 

Notice that if p > 1 the p-variation will be finite for functions that are much rougher 
than those for which the variation is bounded. For example, roughly speaking, finite 
2-variation will follow if the fluctuation of the function over an interval of order ô is 


order JS. 


We now argue that if stock prices had bounded variation, then either they would be 
constant multiples of the riskless cash bond or (provided we can trade continuously 
and there are no transaction costs) there would be unbounded arbitrage opportunities. 

In the discrete time world of Chapter 2 we showed (equation (2.5)) that if a 
portfolio consisting of ġ;+1 units of stock and wj+1 cash bonds over the time interval 
[idt, (i + 1)ôt) is self-financing, then its discounted value at time Nôt = T is 


N-1 
Oy = vwt D bj (Sj — 3)). (4.1) 
j=0 


Here #j+1 is known at time jôt, but is typically a function of Si In our continuous 
world, we can let the trading interval dt tend to zero and, if the discounted stock price 
process has bounded variation, as ôt } 0 the Riemann sum in (4.1) will converge to 
the Riemann integral 


T 
TEZON 
0 
where ¢; denotes our stock holding at time t. This says that for any choice of 


{¢r(-)}o<r<7, we can construct a self-financing portfolio whose discounted value at 
time T is 


T 
Vo + T Qi (S;)dS;. 
0 
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Now choose a differentiable function F(x) that is small near x = So and very large 
everywhere else. Then by investing F (So) at time zero and holding a self-financing 
portfolio with $(S)) units of stock at time t, where d(x) = F’(x), we generate a 
portfolio at time T whose discounted value is 


T 
F (So) + | F'(S,)dS;, 
0 


which, by the Fundamental Theorem of Calculus, is F (Sr). 

We only have to wait for the discounted stock price to move away from So to 
generate a lot of wealth. For example, the strategy that holds (5; = 50) units of 
stock at time t generates 


T 
eT [ (5, — &)aS, = 2? (5 — HY 


units of wealth at time T (where we have multiplied by e”? to ‘undo’ the discount- 
ing). 

In the absence of arbitrage then we do not expect the paths of our stock price to 
have bounded variation. In fact, as Lyons points out, arguments of L C Young extend 
this. Again assuming continuous trading and no transaction costs, if the paths of the 
stock price have finite p-variation for some p < 2, then there are arbitrarily large 
profits to be made. 


Stochastic integration 


The work of §4.1 suggests that we should be looking for models in which the 
stock price has infinite p-variation for p < 2. A large class of such models can be 
constructed using Brownian motion as a building block, but this will require a new 
calculus. The paths of Brownian motion are too rough for the familiar Newtonian 
calculus to help us and, indeed, if it did the Fundamental Theorem of Calculus would 
once again lead us to discard Brownian motion as a basis for our models. 


The processes used to model stock prices are usually functions of one or more 
Brownian motions. Here, for simplicity, we restrict ourselves to functions of just 
one Brownian motion. The first thing that we should like to do is to write down a 
differential equation for the way in which the stock price evolves. 

Suppose that the stock price is of the form S; = f(t, W;). Using Taylor’s Theorem 
(and assuming that f at least is ‘nice’), 


f(t + ôt, Wist) - f, W) = ôt f (t, W) + O (8t?) + (Wirot — Wo) f' (t, Wr) 
1 
F aM (Wier — Wp)? f @. Wi + 


where we have used the notation 


2 
fax) = i, ftx) = KS and f” (t, x) = Eta), 
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Now in our usual derivation of the chain rule, when {W;};>0 is replaced by a bounded 
variation function, the last term on the right hand side is order O(6t7). However, for 
Brownian motion, we know that E[(W;+5; — W;)7] is ôt. Consequently we cannot 
ignore the term involving the second derivative. Of course, now we have a problem, 
because we must interpret the term involving the first derivative. If (Wi+3: — W;)* 
is O(6t), then (W;+43; — Wr) should be Ov ôt), which could lead to unbounded 
changes in {S;};>9 over a bounded time interval. However, things are not hopeless. 
The expected value of W;45, — W; is zero, and the fluctuations around zero are on 
the order of /6t. By comparison with the Central Limit Theorem, it is plausible that 
S; — So is a well-defined random variable. Assuming that we can make this rigorous, 
the differential equation governing S, = f(t, W;) will take the form 


1 
dS; = f(t, W,)dt + f'(W,)dW; + zf Woadt. 


It is convenient to write this in integrated form, 
t $ {t 
: 1 
s=S+ | fo.Wodst | rooawe+ f 3f Wods. 4.2) 
0 0 0 


In order to make sense of a calculus based on Brownian motion, we must find 
a rigorous mathematical interpretation of the stochastic integral (that is, the first 
integral) on the right hand side of equation (4.2). The key is to study the quadratic 
variation of Brownian motion. 

For a typical Brownian path, the 2-variation will be infinite. However, a slightly 
weaker analogue of 2-variation does exist. 


Theorem 4.2.1 Let W, denote Brownian motion under P and for a partition x of 


[0, T] define 
N(x) 


S) = $ |W, — Weal’ 
j=l 


Let Tn be a sequence of partitions with (7n) —> 0. Then 


s [1SCrn) = rP] s0  asn—oo. (4.3) 


We say that the quadratic variation process of Brownian motion, denoted by 
{[W]+}:>0, is [W]; = t. More generally, we can define the quadratic variation process 
associated with any bounded continuous martingale. 


Definition 4.2.2 Suppose that {M;};>0 is a bounded continuous P-martingale. 
The quadratic variation process associated with {M};>0 is the process {[M]1}1>0 
such that for any sequence of partitions 1, of (0, T] with 8 (7n) — 9, 


N(x) 
á | 


2 
De |M; — M|" — (Mr 
j=l 
Remark: We don’t prove it here, but the limit in (4.4) will be independent of the 
sequence of partitions. 


2 
l —>0 asn —> œ. (4.4) 
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Proof of Theorem 4.2.1: We expand the expression inside the expectation in (4.3) and 
make use of our knowledge of the normal distribution. Let E denote the 
endpoints of the intervals that make up the partition z,. First observe that 


N (an) 2 7 
Sod- TP =| X {|W — Wagal? — (nj — tn j-1)} 
j=l 
It is convenient to write ôn, ; for |Win. — Wij |? — (tn,j — tn,j-1). Then 
N (an) 
|S (tn) —TP = XO 82YO ôn jênak 
j=l j<k 


Note that since Brownian motion has independent increments, 


) [5n,j5n.k | = i [8n] E [ôn] =0 if j Æ k. 


Also 


<P e2 3 4 
OA = LW, = Waj- 
= 2| Wan Wiig og nj — ta, j1) + (taj — tn, j=1)°]. 


For a normally distributed random variable, X, with mean zero and variance À, from 
Exercise 5 of Chapter 3, E[|X|4] = 3A, so we have 
B 2 2 2 
[ba] = 3 (taj —tnj-i)) — 2 (tnj — tn,j-1) + (tnj — tn,j-1) 
2 
=, 2 Cay, = ijt) 
26 (In) (tn, j = tn,j-1) 3 


IA 


Summing over j 


N(tn) 
a|s- TP] < 2D) Scn) (tnj = taj) 
j=l 
= 26(2,)T 
> 0 asn > ©. 


Integrating This result is not enough to define the integral i f(s, W;)dW, in the classical way, 

Brownian but it is enough to allow us to essentially mimic the construction of the (Lebesgue) 

motion integral, as limits of integrals of simple functions, at least for functions for which 

against itself SE ELS 2(s, W,)|ds < œ, provided we only require that the limit exist in an L? 
sense. That is, if {f O)) 31 is a sequence of step functions converging to f, then 
J f(s, W;)dW, will be a random variable for which 


t t 
lf f(s, waw- f f(s, Ws)dW, 
0 0 


2 
[=o as n —> œo. 
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4.2 STOCHASTIC INTEGRATION 


This corresponds to replacing the notion of 2-variance by that of quadratic variation 
in Definition 4.2.2. 

Although the construction of the integral may look familiar, its behaviour is far 
from familiar. We first illustrate this by defining i Wd Ws. 

From classical integration theory we are used to the idea that 


T N()-1 
Í f6 x)dxs = dim NO SE a) (Xr — Xy). (4.5) 
j=0 
Let us define the stochastic integral in the same way, that is 
T N(r)—1 
A a 
Í WsdWs = joe 3 Wi, (Wiis = Wi) 3 


but now with the caveat that the limit may only exist in the L? sense. 
Consider again the quantity S(x) of Theorem 4.2.1. 


Sar) = > (Wa -Waay 
jal 
N(x) 
= { (W2 = WP.) — 2Wi (Wi — Wy.) 
j=l 


The left hand side converges to T as ô(x) —> 0 (by Theorem 4.2.1) and so letting 
5(z) — 0 and rearranging we obtain 


T 1 2 2 
Wid Wer W;—-Wo —-T). 
0 


Remark: Notice that this is not what one would have predicted from classical 
integration theory. The extra term in the stochastic integral arises from 
lim3(7)—+0 S(z). 


In equation (4.5), we use f (tj, x;,) to approximate the value of f on the interval 
(tj, tj+1], but in the classical theory we could equally have taken any point inside 
the interval in place of t j and, in the limit, the result would have been the same. 
In the stochastic theory this is no longer the case. In Exercise 3 you are asked to 
calculate two further limits: 


N(x)-1 


sao 2 Wija (Wijs ~ Wi)» 
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NOTI Wag +W, 

: tj tit] 

it SE CRM) nm 
By choosing different points within each subinterval of the partition with which to 
approximate f over the subinterval we obtain different integrals. The Itô integral of 
a function f(s, Ws) with respect to Ws is defined (up to a set of P-probability zero) 
as 


T N(a)-1 
/ f(s, Ws)dWs = lim 5 Sf (tj, W;,) (Weiss a W, ) . (4.6) 
0 d(11)>0 j=0 


The Stratonovich integral is defined as 


pe = Wis) + (tjai Wry) 


T 
[ fo. Wooam = lim 5 ) Woa = W). 


5(1)>0 Jal 
Both limits are to be understood in the L? sense. The Stratonovich integral has the 
advantage from the calculational point of view that the rules of Newtonian calculus 
hold good; cf. Exercise 8. From a modelling point of view, at least for our purposes, 
it is the wrong choice. To see why, think of what is happening over an infinitesimal 
time interval. We might be modelling, for example, the value of a portfolio. We 
readjust our portfolio at the beginning of the time interval and its change in value 
over the infinitesimal tick of the clock is beyond our control. A Stratonovich model 
would allow us to change our portfolio now on the basis of the average of two values 
depending respectively on the current stock price and prices after the next tick of the 
clock. We don’t have that information when we make our investment decisions. 

We are simply reiterating what was said in the discrete world. The composition of 
our portfolio was previsible. We make an analogous definition in continuous time. 


Definition 4.2.3 Given a filtration {F;};>0, the stochastic process {X;}1>0 is 
{F+}:>0-previsible or {F;};>0-predictable if X; is F;--measurable for all t where 


Fi- =|] Fs. 


S<t 


Remark: If {X;}+>0 is {F+};>0-adapted and left continuous (so, in particular, if it is 
continuous) then it is automatically predictable. 


In our Itô stochastic integrals the integrand will always be predictable. 


We have evaluated the It6 integral in just one special case, when the integrand is itself 
Brownian motion. We now extend our repertoire in the same way as in the classical 
setting by first considering the integral of simple functions. Throughout we assume 
that {W;};>0 is a P-Brownian motion generating the filtration {F;};>0. 
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Definition 4.2.4 A simple function is one of the form 


f(s.) = >) aj(o)11,(s), 


i=l 


where p 
h=@aal (JOT GOG=Ø fiA j 
i=l 
and, for eachi = 1,... ,n, aj : Q — R is an Fs,-measurable random variable with 


i[aj(w)?] < œ. 


Remark: We have temporarily abandoned our convention of not mentioning Q. 
However, this notation has the advantage of capturing both of the key examples that 
we have in mind, namely a; a function of Ws; and a; a function of {W,; }o<;<s;. We 
continue to suppress dependence of {W;}o<s<7 on w in our notation. 


Warning: We have defined simple functions to be {F;};>0-predictable. Some 
texts would call such functions simple predictable functions. 


If f is a simple function, then so is f(s, @)1)0,1}(s). We define 


t 
i f(s, w)dWs = | £6. onlnisraw,. 


Following (4.6), 


n 


t 
[ f(s, o)dWs = X aj (o)10,11(s1) (Ws,41ar — Ws;)- 


i=l 
Now, just as for classical integration theory, for a more general (predictable) function, 
f, we find a sequence of simple functions { f a> such that f™ —> f asn > œœ 
and define the integral of f with respect to {Ws }o<s<; to be limp — oo f f (s, w)dW, 
if this limit exists. This won’t work for arbitrary f. The next lemma helps identify a 
space of functions for which we can reasonably expect a nice limit. 


Lemma 4.2.5 Suppose that f is a simple function; then 


the process 
t 
J f(s, w)d Ws 
0 


is a continuous (P, {F;}20) -martingale, 


t 2 t 
|C f(s,0)dW.) |- f E| f(s, œ)? ]ds, 
0 0 
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t 2 T 
; E ( f fis, waw) l <4 / s[ f(s, @)*]ds. 
t<T 0 0 


Remark: The second assertion is the famous /¢6 isometry. It suggests that we should 
be able to extend our definition of the integral over [0, t] to predictable functions such 
that fo ELS (s, w)”|ds < oo. Moreover, for such functions, all three assertions should 
remain true. In fact, one can extend the definition a little further, but the integral may 
then fail to be a martingale and this property will be important to us. 


Before proving Lemma 4.2.5 we quote a famous result of Doob. 


Theorem 4.2.6 (Doob’s inequality) Tf{M;t}o<r<r is a continuous martingale, then 


| sup Mi <4 [m4]. 


O<t<T 


The proof of this remarkable theorem can be found, for example, in Chung & 
Williams (1990). 


Proof of Proof of Lemma 4.2.5.: The proof of the first assertion is Exercise 5 and the 
third follows from the second by an application of Doob’s inequality, so we confine 
ourselves to proving the second statement. 

We simplify notation by supposing that, in the notation of Definition 4.2.4, 


n 


f(s, olios) = È ai (o) (8) 
i=l 
where the intervals Z; are disjoint and );_, Z; = (0, t]. By our definition we have 
t n 
/ f(s, @)dWs = X` ai lœ) (Ws — Ws) 
0 


i=1 


and so 


z ( f “fs, onan) | 


7 2 
E (È ai (w) (Weis = wa) 


i=l 
=E È a’ (w) (Ws; 41 = w 
i=l 


+ 2E baz (w)aj(@) (Ws; — Ws;) (Wsi — w| 


i<j 


Suppose that j > i; then by the tower property of conditional expectations 
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i [a; (waj (w) (Ws; 41 E Ws) (Ws; = W;,)| 
=E [ai (@)aj(@) (Ws; 41 ae Ws) | (Wessa1 = Ws;)| Fs; ]] = 0. 


Moreover, 


E [a?) (Wer — Wa) | = Ela? @E| (Won — Wa)? Fs |] 


= Ela?) si-s). 


Substituting we obtain 


t 2 
NC fiona.) | = YE [ao] Givi -s 


i=l 


= 


t 


II 
o> 


[s6 o) | ds 


as required. 


Notation: We write Hy for the set of functions f : Ry x Q — R for which 
f(t, œ) is {F;}+>0-predictable for 0 < t < T and 


i a| f(s, o) ds <0. 


This will be our class of integrable functions. We proceed as advertised: approximate 
a general f € Hr by a sequence of simple functions, {f (2) Sais and define 


t t 
i f(s,o)ds © lim f f(s, o)dW,. 
0 n—> o0 0 
The following theorem confirms that this really works. 


Theorem 4.2.7 Suppose that {W;}:>0 is a P-Brownian motion and let {F;}1>0 
denote its natural filtration. There exists a linear mapping, J, from Hr to the space 
of continuous (P, {Fi}1>0) -martingales defined on [0, T] such that 


if f is simple andt < T, 


t 
If) -f f(s, w)dWs, 


ift <T, ‘ 
E[J(f)?] = f E[ f(s, @)?] ds, 


0 
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T 
| sup T < af [f 6, o) ]ds. 
0 


O<t<T 


Proof: By Doob’s inequality, the last part follows from the second once we know 
that {J (f):}0<:<r is a P-martingale. To define J and prove the first two assertions, 
we follow the approximation procedure outlined above. 

Let {f }n>1 be a sequence of simple functions such that 


Lt 


Since the difference of two simple functions is simple, by Lemma 4.2.5 


5 T 2 
| sup (FF): 2 E l < af (|06 = £65.09) Jas 


0<t<T 


f(s,o) — FG, of as| 0 Bese: 


> 0 asn,m >œ. (4.7) 


We now define J (f); to be limp_+o0 J(f™),. From (4.7) the limit exists uniformly 
for 0 < t < T, except possibly on a set of P-probability zero, where we set J (f); to 
be identically equal to zero. Moreover, 


t 


t 
[IAO] = lim ELC¢™)7] = tim, f Osos = | E[ f(s, œ)’ ]ds. 
n—>oo n—> œ 0 


0 


It remains to check the martingale property. 
Now by Jensen’s inequality (stated in Exercise 16 of Chapter 2), which works 
equally well for conditional expectations, 
2 
F] | 


| 
J=] 


s [EPAF] — E[ IN| Fo] 


II 
T. 
maaa 


[IEOH — JN 


IA 
| 
mi 


| [rr -IP 


l 


i wv 


FG OA IP) 


> 0 asn> œ. 


rna 


So using 


HF), =E[ IF):| Fe] 


and taking limits 


[IDs -EAA = 0. 
This implies 


J(f)s =E[J(f)1| Fs] with P-probability one. 


This is almost the martingale property but we want to remove the ‘almost surely’ 
qualification. To do this choose a version of J (f) such that the martingale property 
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holds for all s,t € Q (we can do this by redefining J(f) on a set of P-measure 
zero). Since J(f) is a uniform limit of continuous functions (or identically zero) it 
is continuous and so with this definition the martingale property holds for all s, t as 
required. 


Definition 4.2.8 For f € Hr, we write 


t 
I [ Fs, o)d W, 


and call this quantity the It6 stochastic integral of f with respect to {W;}1>0. 


Notice that J(f) really does agree with the prescription (4.6) except possibly on a 
set of P-probability zero. 


We have defined the stochastic integral with respect to Brownian motion. An easy 
extension is to any process {X;};>0 that can be written as X; = W; + A; where 
{W;}>0 is Brownian motion and {A;};>09 is a continuous process of bounded 
variation. In that case we can define the integral with respect to {X;};>0 as the sum 
of two parts: the integral with respect to the Brownian motion plus that with respect 
to {A;};>0. The latter exists in the classical sense. We can also replace Brownian 
motion by other martingales and that is our next goal. 

Suppose that {M;}r>0 is a continuous (P, {F;};>+0)-martingale with E [m7] < œ 
for each t > 0. By analogy with the Itô integral with respect to Brownian motion, 
for a simple function 


f(s, œ) = $ ai(@)1 (8), 
i=l 


we define 


n 
i, f(s, w)dMs = Gi (w) (Msz = Ms;) * 
i=l 
Passing to limits we can then define 
t 
IP= | fe odM, 
0 


forall f € HM where HM is the set of predictable functions f : R+ x R > R such 
that 


T 
f U| f(s, @)*] d[M]s < œ. 
0 


By redefining J” (f) to be zero on a set of P-measure zero if necessary, we obtain 
the following analogue of Theorem 4.2.7. 


Theorem 4.2.9 Assume that {M;};>0 is a bounded continuous (P, {F;};>0)- 


martingale with E [m7] < œ for each t > 0. Then there exists a linear mapping 
J™ from HM to the space of continuous (P, {F;}1>0)-martingales defined on [0, T] 
such that 
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if f is simple, then 
t 
IYA) af FG OdM, = | f6, Don OdMs 
0 


as defined above, 
ift <T 


t 
[Mone] = | [ t6 wam, | , 


where {[M]1};>0 is the quadratic variation process associated with {M;};>0, and 


T 
| sup mp < 42] f fe, ożam |. 
0 


O<t<T 
Except possibly on a set of P-probability zero, 


N(x)-1 


t 
,w)dM,= li s M; — Ms). 
[ f(s w) s so >o 2 S Gi w) ( Si+i s) 


We can now extend the definition still further to define the integral with respect to 
any process {X;};>0 that can be written as X; = M; + A; for a continuous martingale 
{M;}r>0 (with E [m?] < oo) and a process {A;}r>0 of bounded variation. 

We’ll exploit this greater generality in proving Lemma 4.2.11, a useful result that 
tells us that martingales of bounded variation are constant. 


Definition 4.2.10 Suppose that {M;}1>0 is a continuous martingale and {A;}+>0 
is a process of bounded variation; then the process {X;}1>0 defined by X; = M;+ A; 
is said to be a semimartingale. 


A continuous semimartingale is any process that can be decomposed in this way. If 
we insist that Ag = 0 then the decomposition is unique. 


Warning: Strictly we should replace ‘martingale’ by ‘local martingale’ in 
Definition 4.2.10. See, for example, Ikeda & Watanabe (1989) or Chung & 
Williams (1990) for a more general treatment. 


Lemma 4.2.11 Let {A:}o<r<r be a continuous (P, {F;}o<1<1r)-martingale with 
) [47] < œ for each 0 < t < T. If {At}o<t<r has bounded variation on [0, T] then 


P[A; = Ao, Yt € [0, T]] = 1. 


Proof: Let Â = A; — Ao. Since {A;}o<t<T is a continuous process of bounded 
variation we can define the integral h AsdAs in the classical way, and by the 
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Fundamental Theorem of Calculus, 
t 
A? — A? = A? = af ÁsdÂs. 
0 


The integral will be the same whether viewed as a classical or as a stochastic integral 
and so Theorem 4.2.9 tells us that it is a martingale and hence 


t 
[2 f Aad, | = 0. 
0 
Thus of 4 | = 0 for all ¢ and so by continuity of {AjJocr<r; P[A; = 0,Vt € 
(0, 7]] = 1 


as required. 


It’s formula 


Having made some sense of the stochastic integral, we are now in a position to 
establish some of the rules of It6 stochastic calculus. We begin with the chain rule 
and some of its ramifications. 


Theorem 4.3.1 (It6’s formula) For f such that the partial derivatives x af and 
i as 


exist and are continuous and af € H, almost surely for each t we have 


F(t, Wi) — FO, Wo) =- [3 L Cs, Wo)dW, + [2 “Ls, Wo)ds 


2 
+3 [5 i Ees, W;)ds. 


Notation: Often one writes Itô’s formula in differential notation as 


df(t, W) = f(t, W:)dW; + f(t, Wr)dt + sf" W,)dt. 


Outline of proof: To avoid too many cumbersome formulae, suppose that f, = 0. (The 
proof extends without difficulty to the general case.) The formula then becomes 


32 
f(Wi) — f (Wo) = [2 ay WaW, + +3 f3 Fw, as, (4.8) 
0 
Let x be a partition of [0, t] and as usual write ¢;, t;4 for the endpoints of a generic 
interval. Then 


N(x)-1 


FWD- fWo) = X (FW) — fW). 


j=0 
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We apply Taylor’s Theorem on each interval of the partition. 


N(a)-1 ie 1 A 
FWD- f(Wo) = X F Wa) (Wigi — Wij) + ad SUED (Wiza — Wij) 
j=0 


for some points §; € [Wi A Wi, aie Wi, Vv Wi, al: By continuity of the Brownian 
path, we can write this as 


N(x)—1 N(x)—1 


IWD- fW) = X SWW- W) + 5 2 "Wa Wii — Wi), 


j=0 


where n; € [tj, tj+1]. We rewrite the second term as 

N(x)-1 5 
> (SOW) + €;) (Weis -= Wi), 
j=0 


where ej = f”(Wy,) — F” (W;;). 


A n case: Suppose that a is bounded. Then, for each fixed T, since r > 
a f (W,)i is uniformly continuous on [0, T], sup jE > 0 as the mesh of the partition 


tends to zero. Now we mimic our proof of Theorem 4.2.1. 


N(x)-1 2 


FW) (Wea W,;) (tj+ı t;)) 
j=0 


N(m)—1 3 2 
= | D> CF)? (Was — Wy) — Ga a | 
j=0 


+28] Yo WDS Wip (War — Wa)? - Cis — 4) 


0<i<j<N(x)-1 


«(Win - en- 9 


Exactly as before, conditioning on F;, and pale A tower property of conditional 


expectations, coupled now with boundedness of 2 I af , shows that the right hand side 
of (4.9) tends to zero as the mesh of the partition tends to zero. 


Finally, using that 


N(x)-1 


0 
D LW Mian — Hi) > -f2 —(W3)d Ws, 


j=0 


and exploiting continuity, we see that if ef is bounded, the formula (4.8) holds 
except possibly on a set of P-measure zero. 
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2¢ 
The general case: In order to drop the assumption that aa is bounded, we can use 
what is called a ‘localising sequence’. Let 


Tn = inf {t > 0: |W;| > n}. 


2 2¢ 
Then replacing {Ws}s>0 by {Wsaz, }s>0, since a is continuous, [SF Wsan)} j 
s> 
is uniformly bounded. Our proof goes through with {Ws }s>0 replaced by {Ws jz, }s>0 
throughout. (Note that we need the fact that T, is a stopping time to make this work.) 


The full result then follows by letting n — oo. 


For full details of the proof of It6’s formula, see, for example, Ikeda & Watan- 
abe (1989) or Chung & Williams (1990). 


Example 4.3.2 Use Itô’s formula to compute Wo). 
Solution: Let us define {Z;};>0 by Z; = we. Then by Itô’s formula 
dZ, = 6W,; dW, + 15W/dt, 
and, of course, Zo = 0. In integrated form, 
t t 
Zi — Zo = i 6W?dW, + f 15Wéds. 
0 0 


The expectation of the stochastic integral vanishes (by the martingale property) and 
so 


t 
uZ] = i, 1SE[W;'] ds. 
0 


Now from Exercise 5 of Chapter 3 (or Exercise 9 of this chapter), E [we] = 357, 
and so substituting 


t 
[WP] = E [Z;] = 15 f 3s?ds = 1523. 
0 


The basic reference model for stock prices in continuous time is geometric Brownian 
motion, defined by 


S; = So exp (vt +0 W;), (4.10) 
where, as usual, {W;};>0 is a standard P-Brownian motion. Applying Itô’s formula, 


1 
dS, = o Sid W; + (> + 50°) S,dt. 


This expression is called the stochastic differential equation for S+. It is common 
to write such symbolic equations even though it is the integral equation that makes 
sense. 
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Lemma 4.3.3 Writing u = v + 07/2, the geometric Brownian motion process 
defined above is a (P, {F;}:>0)-martingale if and only if u = 0. Moreover 


u [S7] = So exp (ut) . 


Proof: Writing the stochastic differential equation for geometric Brownian motion 
in integrated form, 


t 1 t 
Sı = So +f (» + 50°) Ssds +f oS;dWs. (4.11) 
0 0 


Notice that {S;};>0 is a (P, {F;}:>0)-semimartingale. Proving that it is a martingale 
if and only if u = O amounts to proving uniqueness of the decomposition of a 
semimartingale into a martingale and a bounded variation process in this special 
case. 


Suppose u = 0: The classical integral in (4.11) then vanishes. Since {5;};>0 inherits 
continuity from the Brownian motion and by (4.10) it is adapted, by the remark after 
Definition 4.2.3 it is predictable and so by Theorem 4.2.7 the stochastic integral 
in (4.11) is a martingale. 


Suppose that {5S;};>0 is a (P, {F;}:>0)-martingale: Since the difference of two martin- 
gales (with respect to the same filtration) is again a martingale, we see that {A;};>0 
defined by 


t t 
ER E f oS,dW, = f asi 
0 0 


is a martingale. This classical integral has bounded variation and so by Lemma 4.2.11 
with probability one it is equal to Aọ = 0. Since Sẹ > O0 for all s, it follows that 
u=0. 


The expectation: To verify the second claim, we take expectations in (4.11) and use 
once again that the stochastic integral term is a mean zero martingale to obtain 


t t 
U[S;] — So = E p usas = I HE [Ss] ds. 
0 0 


(The interchange of time integral and expectation is justified by classical integration 
theory.) Solving this integral equation gives 


“ [S;] = So exp (ut) 


as required. 


It is convenient to have a version of It6’s formula that allows us to work directly with 
{S:}:>0 (so that we can write down a stochastic differential equation for f(t, S;)). 
We now know how to make our original heuristic calculations rigorous, so with a 
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clear conscience we proceed as follows: 
ft +5t, Sirsi) — f(t, S) © f(t, SOSt + f(t, St) (Sitar — Si) 
1 
+ 5 f(t SD (Siar = SD? 
~ f(t, Sdt + f'(t, Si)dS; 
1 
+ 57" Si) {o° S?dW? + u’ Sdt +20 uS?dW,dt}. 
That is 
i 1 
df(t, S) = F(t, SYdt + f'(t, S)dS; + i", So? S?dt, 


where we have used the multiplication table 


x | dW, dt 
dw,| dt 0 
dt 0 0 


Writing this version of It6’s formula in integrated form gives then 


t3 a 
i: Lu, Sodu+ | oF ou, Sd Sy 
0 ou 0 ox 


1 t af 
+ J) Baz So? S2du 


F(t, Si) — FO, So) 


9 ‘9 
I Lu sodu f E 
0 f] 0 ox 


u 
t 


a 1 fear 
Zn / Gy, Sy) Sydu + = f AA Syo* Sdu. 
0 Ox 2 0 ax2 


Warning: Be aware that the stochastic integral with respect to {S;};>0 will 
not be a martingale with respect to the probability P under which {W;};>0 is 
a martingale except in the special case when {S;};>0 is a P-martingale, that is 
when u = 0. To actually calculate it is often wise to separate the martingale 
part by expanding the ‘stochastic’ integral as in the last line. 


Example 4.3.4 Suppose that {S;}:>0 is a geometric Brownian motion satisfying 


dS; = US;dt + oS;dW,, (4.12) 


where {W;}1>0 is standard Brownian motion under P. Calculate E [S7] for neN. 


Solution: From our calculations above, 


Sı = exp (vt +o W;) 


go 
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where v = u — 07/2. Thus { Sř}r>0 is also a geometric Brownian motion with 
parameters v) = nv and o ™ = no. By Lemma 4.3.3 we then have 


y [sr] = So exp ((m + 5107) r) = So exp (ou + smn — Do?) r) ; 
(4.13) 


To gain some more practice with stochastic calculus, suppose that we did not know 
how to express the solution to the stochastic differential equation (4.12) explicitly as 
a function of {W;};>0. An alternative approach to calculating E [s7], which we now 
sketch, is to apply It6’s lemma. 


a (Sr) 


1 
nS"—dS, + zna- 1)S?o* S?dt 
n 1 2 n 
= S (nu+ ann — lo* ) dt +noS/dW;. 
Writing this equation in integrated form and taking expectations yields 
t 1 
z [s7] —E[S] = f (ru anh Do?) E[S?] ds. 
0 


This leads us once again to the expression (4.13). 


The It6 formula provides a quick route to a useful characterisation of Brownian 
motion due to Lévy. We have seen that Brownian motion is a martingale. It is useful 
to be able to identify when a martingale is in fact Brownian motion. 


Theorem 4.3.5 Let {W;}o<r<r be a continuous (P, {F;}o<t<1r )-martingale such 
that Wo = 0 and [W]; = t for 0 <t< T. Then {Wiho<r<r isa (P, {Fir}o<r<r)- 


Brownian motion. 


Proof: We must check that for any 0 < s < t < T, W, — W; is normally distributed 
with mean zero and variance t — s and is independent of Fs. 


Let 
02 


Applying Itô’s formula we see that {M;}o<r<r is a (P, {F }o<r<r )-martingale and 
soforO<s<t<T, 
| Mi 
D [eine 
Ms 


Substituting and rearranging gives 


F| =]. 


` 1 2 
[ exp (0 (W; — W;))| Fs] = exp (50 — s)0 ) : 


Since the normal distribution is characterised by its moment generating function, the 
result follows. 
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Let us return to processes of the form Z; = f(t, W;). Using Itô’s formula 


. 1 
dZ = (Fo. W;) T zf 6 w») dt TF f, WpdW,. 
Suppose that f is invertible; then we may write this as 
dZ, = u(t, Z)dt + 0 (t, Zd W;. (4.14) 


Definition 4.3.6 An equation of the form (4.14) for some deterministic functions 
u(t, x) and o (t, x) on Ry x R is called a stochastic differential equation for {Z;}:>0. 


It is often easier to write down a stochastic differential equation for {Z;};>0 than to 
produce the function f(t, x) explicitly. 


Warning: Just as for (Newtonian) ordinary differential equations, in general 
a stochastic differential equation may not have a solution and, even if it does, 
the solution may not be unique. 


If the functions (t,x) and o(t,x) are, for example, bounded and uniformly 
Lipschitz-continuous in x then a unique solution does exist, but these conditions 
are certainly not necessary (see, for example, Chung & Williams (1990) and Ikeda 
& Watanabe (1989) for more details). 

Of course, we should really understand equation (4.14) in integrated form: 


t 


Zi — Z9 = f u(s, Zs)ds + Í o(s, Zs)dWs. 
It is left to the reader to justify the following version of the Itô formula. 
Theorem 4.3.7 If Z, = f(t, W;) satisfies 
dZ, = a(t, Z)dW, + u(t, Z;)dt, 


and 
Y, = g(t, Zi), 


for some twice differentiable functions f and g, then 
1 
dY, = g(t, Zi)dt + 8'(t, Zid Zr + 58"(t, Z)o°(t, Zdt. (415) 


Remark: Notice that 
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is a martingale with mean zero. From the Itô isometry, we know that its variance is 


t 
[M3] = | o(s, Zs] 
0 


The expression o*(t, Z;)dt appearing in (4.15) is just d[M]; where {[M ];}r>0 is the 
quadratic variation associated with {M;}+>0. 

If {Z+};>0 is defined by Z; = M, + A; where {M;};>0 is a continuous martingale 
with E [M7] < oo and {A;};>0 has bounded variation, then setting Y; = g(t, Z;) we 
have 


1 
dY, = g(t, Z,)dt + g'(t, ZdZ; + ae Z;)d(M],. 


In particular, by applying this to Y, = M?, one shows (Exercise 15) that M? — [M]; 
is a martingale. 


Even when a stochastic differential equation has a unique solution it is rare to be able 
to express it in closed form as a function of Brownian motion. However, if this can 
be done, then It6’s formula provides a route to finding the solution. 


Example 4.3.8 Solve 
dX, = X3dt — X?dW,, Xo= 1. (4.16) 
Solution: If X; = f(t, W;), then 
dX, = f(t, W)dt + f'(t, WAW; + si W,)dt, 
and, substituting in (4.16), 
dX, = f(t, W))°dt — f(t, W)? dW,. 
Equating coefficients we obtain 


—f(t, WD? = f(t, Wi) 


and i 
f(t, Wi) + z6 W,) = f(t, W)°, 


which yields 


LO ee 


where c is a constant. Using the initial condition, we find 


1 
x; = ——.. 
W, +1 


Notice that this solution blows up in finite time. 
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Integration by parts and a stochastic Fubini Theorem 


We shall need two more rules for manipulating stochastic integrals: the integration 
by parts formula and a ‘stochastic Fubini Theorem’. The first is the product rule 
of stochastic differentiation, the second is used to justify interchange of order of 
stochastic and classical integrals. 

Suppose that we have two stochastic differential equations: 


dY, = u(t, Y,)dt + o (t, Yd W,, 


dZ, = A(t, Z)dt + a(t, Z,)dW;. 


We assume for now that these equations are driven by the same Brownian motion 
{Wi }r>0- 
Consider the (P, {F;};>0)-martingales defined by 


t t 
M’ = f o(s, Ys)dWs and Mf = I G(s, Zs)dWs, 
0 0 
with associated quadratic variation processes 


t t 
m= f o7(s,Y,)ds and mr = f 67 (8, Zs)ds. 
0 0 


Clearly {M¥},>0 and {MZ }>0 are not independent. One way of quantifying the 
dependence between them is through their covariance. Evidently {(M y +M Z Vero 
and { (MY — MŽ )}r>0 are also (P, {F;};>09)-martingales with quadratic variation 


t 
[MY + MŽ]; = f (o(s, Ys) £0 (s, Z,)} ds. 
0 
We’re interested in the process {MY M7},+0. We attack it via polarisation: 
ay eee Y z\" Y zy 
MIM? == (m; + M7) - (m; - M?) l 


Taking expectations, 


t t 
[My m7] = 3E | f (a(s, Ys) + (8, Zs)? ds — / (a(s, Ys) — &(s, Z.)¥-ds| 
0 0 
t 
=E | [ oe. 20866. Zas! . 
0 
We write 


t 
[m*, m7], = f o(s, Y)õ (s, Zs)ds. 
0 


Since for a (P, {F;}:>0)-martingale {M? — [M]: }>0 is a (P, {Fr }r>0)-martingale 
(Exercise 15), again exploiting polarisation we see that {MY MZ — [M], MZ It}r>0 
is a (P, {F;}:>0)-martingale. 
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More generally, we could consider stochastic differential equations driven by 
different (but not necessarily independent) Brownian motions. For example, suppose 
that 

dY, = w(t, Y;)dt + o (t, Y;)dW;, 
dZ, = fit, Z))dt +6 (t, ZAW, 


where a[ (W, — Ws) (W; — W,)] = p(t — s) for some 0 < p < 1. This means that the 
Brownian motions driving the two equations are positively correlated, an increase in 


one tends to be associated with an increase in the other, but they are not identical. 
We define MY and M7 exactly as before and again study MY M/ via polarisation. 
Writing 
1 
Y yZ] Y Z Y Z 
[m] m7] = 3 ([MY + M7], - [mY - M?],). 
and using the definition of quadratic variation, 


N(x)-1 


Y aZ] i Y =Y 2: ee 
[m",m"], = Pean 3 (Mr, my) (MZ. M7) ; 
j= 


In our example, provided o and o are continuous say, we have 


N(r)-1 
Y yZ ; ~ x z 
[M", M iF = Red > ) o (tj, Yi )O (tj, Z1;) (Weis, = Wi.) (Wr = w) , 
J= 


and by mimicking the argument of the proof of Theorem 4.2.1 we obtain 
t 
[MY M7], = f o(s. 986, Zod. 
0 


Definition 4.4.1 For continuous (P, {F;};>0)-martingales {M;};>0 and {N;}i>0 
al 
[M,N], = q(IM + NI —[M — N],) 


is called the mutual variation or covariation process of M and N. 


Of course {[M, M];}:>0 is just the quadratic variation process associated with 
{M;}1>0. In the notation of Definition 4.4.1, if we write 5(zr) for a generic partition 
of [0, t] then 


We now have the technology required for manipulating products of semimartingales. 


Theorem 4.4.2 (Integration by parts) IfY; = MÝ + AY and Z; = MŽ + AZ, 
where {M*} 150 and {M7},>0 are continuous (P, {F;}:>0)-martingales and {AY} 50 
and {AZ }r>0 are continuous processes of bounded variation, then 


AW, Z) = VidZe-+Zd¥, +d |m”, m7] ; 


t 
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Proof: We apply the Itô formula to (Y; + Zya Y = and Ze and subtract the second 
two from the first to obtain the result. 


Example 4.4.3 Suppose that the Sterling price of an asset follows the stochastic 
differential equation 


dS; = 1 S;dt + 01 S;dW; 


and the dollar cost of £1 at time t is E, where 
dE; = u2Edt + or E,dW,. 


Here {W;};>0 and {Wihi>0 are P-Brownian motions with 


s (W: — Ws) (Ù — Ws) | = 00-5) 


for some constant p > 0. 

If the riskless interest rate is r in the UK and s in the USA, find the stochastic 
differential equation for the discounted asset price in the Sterling and dollar markets 
respectively. For what values of the parameters are the discounted asset prices 
martingales in each market? 


Solution: In the Sterling market, write { 5 }+>0 for the discounted stock price. That is 
S, = e "'S;,. Since the function e™™ has bounded variation, our integration by parts 
formula gives 
dS; = —re"S,dt+e "dS; 
= (m1 —1r) S:dt + .01S;dW;. 

In Sterling markets, this is the stochastic differential equation governing the dis- 
counted asset price. The solution is a martingale if and only if wy =r. 

Let us write {X;};>0 for the dollar price of the asset. Then X; = E;S; and, again 
by integration by parts, 

dX; = Erd Sı + Sid E; + 0102 E;S; pdt 
= (uı + m+ 90102) X;dt + 01Xıd W; + oX,ıdŴ,. 


The discounted asset price in the dollar market, denoted by {X t}r>0, then follows 
dX, = (U1 + m2 + poio — s) X,dt + 0 X,dW,; + on X,dW;,. 
The discounted price in the dollar market is a martingale if and only if 
Hy + U2 + poo = s = 0. 


Notice that it is perfectly possible for the discounted asset price to be a martingale 
in one market but not the other. It is important to keep this in mind when valuing 
options in the foreign exchange market (see §5.3) or when valuing quantos (see 
§7.2). 
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We finish this section with one more useful result. This is a ‘stochastic Fubini 
Theorem’ that will allow us to interchange the order of a stochastic and a classical 
integral. We shall need this result in valuation of certain path-dependent exotic 
options in Exercise 23 of Chapter 6. 

We state the theorem in a very special form that will be sufficient for our needs. 
For a more general version see, for example, Ikeda & Watanabe (1989). 


Theorem 4.4.4 Let (Q, F, {Fi} >20; P) be a filtered probability space and let 
{M;}>0 be a continuous (P, {F;}:>0)-martingale with Mọ = 0. Suppose that 
® (t,r,@) : Ry x Ry x Q > Ris a bounded {F;};>0-predictable random variable. 
Then for each fixed T > 0, 


t t 
i Í ® (s, r, œw) ljo,rı(r)drdM; = Í J ® (s, r, w) ljo,rı(r)dMsdr. 
0 JR RJO 
Example 4.4.5 Suppose that {W;}+>0 is a (P, {Fi }>0)-Brownian motion. Evalu- 


ate the mean and variance of 
t 
Y, £ I W,dr. 
0 


Solution: The classical Fubini Theorem tells us that 


t t 
u [Y,] = E p wear | = f L [W,]dr = 0. 
0 0 


The difficulty is to calculate E [Y al and this is where we exploit our stochastic Fubini 
Theorem with ®(s, r, œ) = 1j0,,](s). 


t t r 
r= f war = f f iwar 
0 0 Jo 


t t 
f Í ldrdW, (Fubini’s Theorem) 
0 Js 


ll 
= 
~ 
l 
a 
VY 
Q 
= 


t 2 t 1 
e[¥?] =E (J a- saws) = | @-s?ds = <0. 
0 0 3 


The Girsanov Theorem 


In order to price and hedge in the Black-Scholes framework we shall need two 
fundamental results. The first will allow us to change probability measure so that the 
discounted asset prices are martingales. Recall that in our discrete time world, once 
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we had such a martingale measure, the pricing of options was reduced to calculating 
expectations under that measure. In the continuous world it will no longer be possible 
to find the martingale measure by linear algebra. Nonetheless, before stating the 
continuous time result, we revert to our binomial trees for guidance. 


We use the notation of Chapter 2. Suppose that, under the probability measure P, if 
the value of an asset at time idt is known to be S; then its value at time (i + 1)ôt is 
S;u with probability p and it is $;d with probability 1 — p. 

As we saw in Chapter 2, if we let Q be the probability measure under which the 
probability of an up jump is g = (1—d)/(u—d) and of a down jump is (u—1)/(u—d), 
then the process {S;}o<j<y is a Q-martingale. 

We can regard the measure Q as a reweighting of the measure P. For exam- 
ple, consider a path So, S1,... , S; through the tree. Its probability under P is 
pN© (1 — pi NO, where N(i) is the number of up jumps that the path makes. 
Under Q its probability is L; pY (1 — p)'~-N where 


F G 
ESIS : 
P L =p 


Evidently L; depends on the path that the stochastic process takes through the 
tree and can itself be thought of as a stochastic process adapted to the filtration 
{Fi}i<i<n- Moreover, L;/Li-1 is q/p if S;/S;-1 = u and is (1 — q)/(1 — p) if 
S;/Sj—1 = d, so that 


de 
BP [Li Fi] = Li- (v2 +a- p) 2) = Lj-1. 
P L= 


In other words, {L;i }o<i<y is a (P, {Fi}1<i<n)-martingale with E[L;] = Lo = 1. 
If we wish to calculate the expected value of a claim in the Q-measure, it is given 
by 


EL [C] = EP [LwC}. 


Notation: We have obtained the Radon—Nikodym derivative of Q with respect 
to P. It is customary to write 


d 
pa 7 
dP |z, 


We have shown that the process of changing to the martingale measure can be viewed 
as a reweighting of the probabilities of paths under our original measure P according 
to a positive, mean one, P-martingale. This procedure of reweighting according to 
a positive martingale can be extended to the continuous setting. Our aim now is to 


investigate the effect of such a reweighting on the distribution of the P-Brownian 
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motion. Later this will enable us to choose the right reweighting so that under the 
new measure obtained in this way the discounted stock price is a martingale. 


Theorem 4.5.1 (Girsanov’s Theorem) Suppose that {W:}:>0 is a P-Brownian 
motion with the natural filtration {F;};>0 and that {6;}1>0 is an {F;}+>0-adapted 


1 T 
2 
ï| exp | = O-dt)| < œ. 
[e3 f #)| 
t 1 f 
L; = exp (- [ sd W; — =f aas) 


and let P® be the probability measure defined by 
PMLA] = / L,(@)P(do). 
A 


process such that 


Define 


Then under the probability measure P®, the process [We locter, defined by 
t 
wi = w+ f ads, 
0 


is a standard Brownian motion. 


Notation: We write 
dp!) 


dP 


F, 
(L; is the Radon-Nikodym derivative of P™ with respect to P.) 


Remarks: 


The condition 


1 T 
[ex Gf erat) | < ©, 


known as Novikov’s condition, is enough to guarantee that {L;};>0 is a (P, {F;}r>0)- 
martingale. Since L; is clearly positive and has expectation one, P“) really does 
define a probability measure. 

Just as in the discrete world, two probability measures are equivalent if they have the 
same sets of probability zero. Evidently P and P® are equivalent. 

If we wish to calculate an expectation with respect to P“) we have 


PO ip] = E [hL]. 
a] 


More generally, 


PpP) {Pp L 
ol Fl | 67 
Ls 


This will be fundamental in option pricing. 
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Outline of proof of theorem: We have already said that {L;};>0 is a (P, {Fr}:>0)- 
martingale. We don’t prove this in full, but we find supporting evidence by finding 
the stochastic differential equation satisfied by L;. We do this in two stages. First, 


define i iH 
Z; = -f bsd Ws — a 6-ds. 
0 2 Jo 


1 
dZ, = —0,dW, — 5 dt. 


Then 


Now we apply Itd’s formula to L; = exp(Z;). 


dL; 


1 
exp(Z,)dZ; + 5 exp(Z,)07dt 
—0; exp(Z;)d W, = —0,L,dW;. 


Now we use our integration by parts formula of Theorem 4.4.2 to find the stochastic 
differential equation satisfied by WoL t. Since 


dw,” dW, + bdt, 


d(WYL,) = Wad, + LidwWw® +diMY®, MŁ); 
wPdL; + L,dW; + L,0;dt = 0,L;dt 
(L a 6,L,W)") dW;. 


Granted enough boundedness (which is guaranteed by our assumptions), 
(WP Lido is then a P-martingale and has expectation zero. Thus, under the 
measure PH), [We hoo is a martingale. 

We proved in Theorem 4.2.1 that with P-probability one, the quadratic variation 
of {W; }r>0 is given by [W]; = t. The probability measures P and P) are equivalent 
and so have the same sets of probability one. Therefore (wi? }+>0 also has quadratic 
variation given by [W“], = t with P“)-probability one. Finally, by Lévy’s 
characterisation of Brownian motion (Theorem 4.3.5) we have that {We hoo isa 
P“)-Brownian motion as required. 


We now try this in practice. 


Example 4.5.2 Let {X1}1>0 be the drifting Brownian motion process 
X,=oW, + wt, 


where {W;}:>0 is a P-Brownian motion and o and n are constants. Find a measure 
under which {X+};>0 is a martingale. 


Solution: Taking 6 = y/o, under P% of Theorem 4.5.1 we have that wr? = 
W, + ut/o is a Brownian motion, and X; = ow? is then a scaled Brownian 
motion. 
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Notice that, for example, 


BP x?] =E" [o?w? +20 tW, + yr] =o7t+ ut, 


whereas 


gp [x2] — pi) [ow] zs ot. 


The Brownian Martingale Representation Theorem 


Let (Q, F, {Fi}1>0, P) be a filtered probability space and let {W;};>0 be a 
(P, {F+}:>0)-Brownian motion. We have seen that if f(t,œ) is an {F;}:>0- 
predictable random variable and z [ f Zit, o)| < œ for each t > 0, then 


t 
M, = i. f(s, o)dW, 
0 


isa (P, {Fa 120) -martingale. It is natural to ask if there are any others. 

Just as in the discrete world the binomial representation theorem allowed us to 
represent martingales as ‘discrete stochastic integrals’ so here the Brownian mar- 
tingale representation theorem tells us that all (nice) (P, {Fi}1>0) -martingales can 
be represented as It6 integrals. This result is also sometimes called the predictable 
representation property. It will be the key to hedging in our continuous world. 


Definition 4.6.1 A (P, {F;}:>0)-martingale {Mi}1>0 is said to be square- 
integrable if 


E [im] < œ for eacht > 0. 


Theorem 4.6.2 (Brownian Martingale Representation Theorem) Let {Fi}>0 de- 
note the natural filtration of the P-Brownian motion {W,};>0. Let {M;}r>0 be a 
square-integrable (P, {F;}>0)-martingale. Then there exists an {F;}r>0-predictable 
process {6;};>0 such that with P-probability one, 


t 
M; = m+ f 6,dW,. 
0 


Outline of proof: We restrict our attention to t € [0, T] for some fixed T. The first 
step is to show that any F € Fr for which E [F 2] < oo can be represented as 


T 
F= irj f Osd Ws (4.17) 
0 


for some predictable process {0s }o<s<7. Write G for the linear space of such F that 
can be represented in this way. For any F € G, 


T 
[F°] =ELFP + | I oas]. (4.18) 
0 
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This guarantees that if we take a sequence of random variables {Fy,}n>1 in G for 
which 


e | (Fn — Fn)°| >0 asn,m >œ, 


then they converge to a limit that also lies in G. Now by Itô’s formula, for any simple 
function 


f(s) = Yo ai) las 41), 


i=l 


a t Í 
Ef & exp (/ f(s)dWs — 5f Joas), 
0 2 Jo 


t ` 
Ef =1+ f f(\&f Ws. 
0 


if we define 


then 


In other words EÍ € G. We now approximate any F € Fr for which E [F | < œ by 
linear combinations of the € , to see that all such F are in G and so can be represented 
as in (4.17). The identity (4.18) guarantees that if the representation holds with two 
different predictable processes, {6;}o<s<7 and {Ws}o<s<r say, then 


T 
z | f (6, Yas] s 
0 


Now we replace F € Fr by the martingale {M;}o<;<7 to complete the proof. This 
step is elementary. Since M, = E [ Mr| F;], applying the representation to Mr and 
then taking (conditional) expectations of both sides we obtain 

F| 


tie 
M,=E(Mr|F;] = E[Mr]+ | f 0,dW, 
0 


t 
= zimr + | od Wy. 
0 


For full details of this proof see Revuz & Yor (1998). 


Remarks: 


The Martingale Representation Theorem tells us that such an {F;}r>0-predictable 
process {6;};>0 exists. Unfortunately, unlike the Binomial Representation Theorem, 
the proof is not constructive. When we call upon it in hedging options in Chapter 5, 
we are going to have to work harder to actually produce an explicit expression for 
the predictable process. 

Notice that the quadratic variation of the martingale { M; }>0 satisfies d[M]; = 6>d t. 
If we have two Brownian martingales, { M®) t>0 and {Mm} t>0, then provided 
d{M}, /dt is non-vanishing for i = 1, 2, the Martingale Representation Theorem 
tells us that each is a locally scaled version of the other. 
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Why geometric Brownian motion? 


We now have the main results in place that will allow us to price and hedge in stock 
market models based on Brownian motion. Other than suggesting that the paths of 
stock prices in an arbitrage-free world should be rough, we have thus far provided 
no justification for such models. In this short section we use Lévy’s characterisation 
of Brownian motion to motivate the basic reference model in mathematical finance: 
geometric Brownian motion. 

We begin by sketching Bachelier’s argument for the Brownian motion model. 
Bachelier argued that stock markets cannot have any consistent bias in favour of 
either buyers or sellers: 


‘L'espérance mathématique du spéculateur est nulle’. 


This is almost the martingale property. Assuming the stock price process to have the 
Markov property, he introduced the transition density 


P[S; € Ly, y + dy]|S, = x] Ê p (s, t; x, y) dy. 


If the dynamics are homogeneous in space and time, then p(s, t; x, y) = q(t — s, y— 
x) for some function q. Bachelier then ‘derived’ what is now known as the Chapman— 
Kolmogorov equation for g and showed that this is solved by the probability density 
function of Brownian motion. 

Bachelier’s argument is not rigorous, but from Lévy’s characterisation of Brow- 
nian motion we know that if the stock price process is a martingale under P whose 
increments have stationary conditional variance then the stock price process must 
be Brownian motion under P. It is remarkable that Bachelier’s argument pre-dates 
Einstein’s famous work on Brownian motion and, of course, Wiener’s rigorous 
construction of the process. 

Although we would not take issue with the mathematical conclusions of Bache- 
lier’s analysis, we have already discarded Brownian motion as a model. A mod- 
ern approach makes different assumptions, but we need not completely abandon 
Bachelier’s argument. His key assumption was that the increments of the stock price 
process were stationary. Suppose that instead we assume that the relative increments, 
(S; — Ss)/Ss, measuring the returns are stationary. Taking logarithms, the process 
{log S;}:+0 should have stationary increments. We don’t know that {log S;};>0 is a 
martingale, so this time we can only deduce that this is Brownian motion plus a 
constant drift. This gives 


dS; = usSdt + o S;dW,, 


where {W;}r>0 is a P-Brownian motion and u and ø are constants. This is the 
geometric Brownian motion model, originally championed by Samuelson (1965). 


The Feynman-Kac representation 


Our probabilistic approach to pricing options will result in a price expressed as the 
discounted expected value of a claim with respect to a probability measure under 


103 


Solving 
pde’s proba- 
bilistically 


4.8 THE FEYNMAN—KAC REPRESENTATION 


which the discounted stock price is a martingale. In the simple case of European calls 
and puts we’ll be able to find an explicit expression for the price. However, for more 
complicated claims numerical methods have to be brought to bear. One approach is 
to revert to our binomial tree model. Another is to express the price as the solution to 
a partial differential equation and employ, for example, finite difference methods. In 
fact for European options the binomial method amounts to a finite difference method 
for solving the Black-Scholes partial differential equation. We refer to Wilmott, 
Howison & Dewynne (1995) for an account of the numerical methods. Here we 
simply make the connection between the partial differential equation approach and 
the probabilistic approach to pricing derivatives. 


The fact that the price can be expressed as the solution to a partial differential 
equation is a consequence of the deep connection between stochastic differential 
equations and certain parabolic partial differential equations. 


Theorem 4.8.1 (Feynman-Kac stochastic representation) Assume that the function 
F solves the boundary value problem 


On tus —(t,x) + srt. aE 0<t<T, 
g = (x). 
Define {Xt}o<t<rT to be the solution of the stochastic differential equation 
dX; = u(t, X;)dt +o(t, Xd W;, 0<t<T, 


where {W;};>0 is standard Brownian motion under the measure P. If 


T l 3F 2 
f E (ou. X) (t, x») fa < ©, (4.20) 
0 Ox 


F(t, x) = EP [®(X7)| X, = x]. 


then 


Proof: We apply Itô’s formula to {F (s, Xs)}r<s<T. 
F(T, Xr) = F(t, X) 


T 
+f {Seo Ara xot Fe, X,) + 5020, xo T6 has 
t 
T 
+f o(s, AA Xs)dWs. (4.21) 
$ Ox 


Now using assumption (4.20) and Theorem 4.2.7 


f OF 
|f o(s, Xs)— (s, X5)dWs| X; = 
t Ox 


x 
jae eer 
ll 
S 
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Moreover, since F satisfies (4.19), the deterministic integral on the right hand side 
of (4.21) vanishes, so, taking expectations, 


LL F(T, Xr)| Xt =x] = F(t, x), 


and substituting F(T, Xr) = ®(X7) gives the required result. 


Example 4.8.2 Solve 
ôF | F 5 
ət 20dx2 (4.22) 
F(T, x)= (x). 


Solution: The corresponding stochastic differential equation is 
d X t = d W, 


so, by the Feynman-Kac representation, 


F(t,x) =E[®(Wr)| W, = x]. 


In fact we knew this already. In §3.1 we wrote down the transition density of 
Brownian motion as 


ee @= yy (4.23) 
pix, y) = em exp aaa ; 


This gives 


s [®(Wr)| W; = x] = foa — t,x, y) P)dy. 


To check that this really is the solution, differentiate and use the fact that p(t, x, y) 
given by (4.23) is the fundamental solution to the equation 


ðu 18u 


at 23x2 


to obtain (4.22). 


We can use the Feynman—Kac representation to find the partial differential equation 
solved by the transition densities of solutions to other stochastic differential equa- 
tions. 

Suppose that 


dX, = u(t, XÐdt + o (t, X;)dW;. (4.24) 


For any set B let 


pat, x; T, y) ê P[Xr € B| X, =x] = E[1g(Xr)| X, = x]. 
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By the Feynman—Kac representation (subject to the integrability condition (4.20)) 
this solves 


ð 
TER T, y) + Apg(t,x;T,y) = 0, (4.25) 
ps(T,x) = Ip), 
where 
of 2 
Af (t,x) = u4, xwa ye + o AG, xoz z (t, x). 
Writing |B| for the Lebesgue measure of the set B, o ene density of the 


process {X5}s>0 is given by 


1 
t,x: T,y) ê lim —P[X7 € B| X, =x]. 
p(t, x; T, y) eT [Xr |X; =x] 


Since the equation (4.25) is linear, we have proved the following lemma. 


Lemma 4.8.3 Subject to satisfying (4.20), the transition density of the solution 
{Xs}s>0 to the stochastic differential equation (4.24) solves 


ə 
La, xi T, y) + Apt, x; T, y) = 0, (4.26) 
p(t,x;T,y) > dy) ast>T. 


Equation (4.26) is known as the Kolmogorov backward equation (it operates on 
the ‘backward in time’ variables (t, x)). The operator A is called the infinitesimal 
generator of the process {Xs}s>0- 

We can also obtain an equation acting on the forward variables (T, y). 


Lemma 4.8.4 In the above notation, 
ðP t k T.y) aa Gi x: 
ap bee T,y)=A p(t, x; T, y) (4.27) 
where 
* 1 a? 2 
A* f(T, y) = =F uc, DAT,» +5 za (P6 DAT, »)). 


Heuristic explanation: We don’t prove this, but we provide some justification. By the 
Markov property of the process {X;};>0, for any T >r >t 


p(t, x; T, y) = f pew r,z)p(r, z; T, y)dz. 


Differentiating with respect to r and using (4.26), 


org 
f [Zoea r,z)p(r, z; T, y) + p(t, x;r,z)Ap(r, z; T, »} dz=0. 


—co 
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Now integrate the second term by parts to obtain 
fə 
f [va x; r, z) — A* p(t, x; r, ol pr, z; T, y)dz = 0. 
-œ | Or 


This holds for all T > r, which, if p(r, z; T, y) provides a sufficiently rich class of 
functions as we vary T, implies the result. 


Equation (4.27) is the Kolmogorov forward equation of the process {Xs}s>0. 


Example 4.8.5 Find the forward and backward Kolmogorov equations for geo- 
metric Brownian motion. 


Solution: The stochastic differential equation is 
dS; = uSdt + o S;dW,;. 
Substituting in our formula for the forward equation we obtain 


ap Dard a5 a 
zm (t,x; T, y) = 50 > t,x; T, )- Pa t,x; T, y)), 
are TI) 5? TA (> pt, x; T, y) uy (yp(t, x; T, y)) 


and the backward equation is 


OD). 1 228P, ðP, 
ae Loe x a2 Le T, y). 


The transition density for the process is the lognormal density given by 


2 
(log(y/x) — (u - $0?)(T -9)) 


1 
txi Ty) = ex 
P RT 2a2(T —1) 
Example 4.8.6 Suppose that {X1};>0 solves 


dX; = u(t, X;)dt + a(t, X1)dW;, 


where {W;};>0 is a P-Brownian motion. For k : Ry x R —> Rand Ẹ : R —> R given 
deterministic functions, find the partial differential equation satisfied by the function 


x=], 


T 
F(t, x) = af exp (- / ks, Xaas) (Xr) 


t 


forO<t<T. 
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Solution: Evidently F(T, x) = (x). By analogy with the proof of the Feynman- 
Kac representation, it is tempting to examine the dynamics of 


Zs = exp (- f k(u, X,)du) F(s, Xs). 
t 


Notice that for this choice of {Zs}:<s<7r we have that if X, = x 


Z, = F(t,x) = E[ Zr] X; = x]. 


Thus the partial differential equation satisfied by F (t, x) is that for which {Z;}o<;<r 
is a martingale. 

Our strategy now is to find the stochastic differential equation satisfied by 
{Zs}r<s<r. We proceed in two stages. Remember that t is now fixed and we vary 
s. First notice that 


d («x (- f k(u, Xudu )) = —k(s, X,) exp (- f k(u, X,)du) ds 
t t 


and by Itô’s formula 


dF(s, Xs) a X, Dds + 26s, X;)dXs +32 %o, X, Pea (s, Xs)ds 


E (5, Xs) + als, XDS T, Xs) + 5° Xs) oo 


+ a(s, o 6, Xs)d Ws. 
Ox 


Now using our integration by parts formula we have that 
AY 
dZ, = exp (-f k(u, ca 
2 as 
—k(s, XFCS, Xe) + EG, Xa) + UG, Xo) ~(s, Xs) + 50708, Xs) ds 


+ a(s, we xoaws}, 
ox 


We can now read off the solution: in order for {Zs };<s<r to be a martingale, F must 
satisfy 


6, x) + ws, y “(s, x)+ o 2(5, oito, x) —k(s,x)F(s,x) = 0. 


Exercises 


Let {F;}:>0 denote the natural filtration associated to a standard P-Brownian motion 
{W;}+>0. Define the process {S;};>0 by St = f(t, W+). What equation must f satisfy 
if S; is to be a (P, {F;}:>0)-martingale? Use your answer to check that 


S; = exp (vt +o W;) 
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is a martingale if v + jo? = 0 (cf. Lemma 4.3.3). 


A function, f, is said to be Lipschitz-continuous on [0, T] if there exists a constant 
C > 0 such that for any z, t’ € [0, T] 


If@ — fO < Clt- r’. 


Show that a Lipschitz-continuous function has bounded variation and zero 2- 
variation over [0, T]. 


Let {W; }:>0 denote a standard Brownian motion under P. For a partition z of [0, T], 
write ô (7t ) for the mesh of the partition and 0 = tọ < ti < t2 < -+> < tN(x) = T for 
the endpoints of the intervals of the partition. Calculate 


(a) 
N)-1 
sao 3 Wire (Wii = Wes)» 
(b) 
T N(w)-1 
A 5 
i Ws odWs = ees D 7 (Wap + Wij) (Wizi — Wij) - 
0 


This is the Stratonovich integral of {Ws}s>0o with respect to itself over [0, T]. 


Suppose that the martingale {M;}o9<;<r has bounded quadratic variation and 
{A;}o<r<7r is Lipschitz-continuous. Let $ = M, + A;. By analogy with Defi- 
nition 4.2.2, we define the quadratic variation of {S;}o<;<r over [0, T] to be the 
random variable [S]r such that for any sequence of partitions {7,}n>1 of [0, T] with 
lT) > Oas n > œ, 


N(x) 2 


Y= ISa — Sya? — OSIr 


j=l 


Py 


—>0 asn—> œ. 


Show that [S]r = [M]r. 
If f is a simple function and {W;};>0 is a P-Brownian motion, prove that the process 
{M;}1>0 given by the Itô integral 


t 
m=f f(s, W;)d Ws 
0 


is a (P, {FV },>0)-martingale. 


Verify that if {W;};>0 is a P-Brownian motion 


CL wam) | =e [we] ds. 


(If you need the moment-generating function of W,, you may assume the result of 
Exercise 10.) 
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As usual, {W;};>9 denotes standard Brownian motion under P. Use It6’s formula to 
write down stochastic differential equations for the following quantities. 


(a) Y, = wọ, 
(b) Y; = exp (o W, — jor), 
(c) Y, = tW;. 


Which are (P, {F} }r>0)-martingales? 


Use a heuristic argument based on a Taylor expansion to check that for Stratonovich 
stochastic calculus the chain rule takes the form of the classical (Newtonian) one. 


Mimic the calculation of Example 4.3.2 to show that if {W;}+>0 is standard Brownian 
motion under the measure P, then E [w; ] = 3r. 


Let {W;}r>0 denote Brownian motion under P and define Z; = exp(aW,). Use 
It6’s formula to write down a stochastic differential equation for Z;. Hence find an 
ordinary (deterministic) differential equation for m(t) £ E[Z,], and solve to show 
that 


2 
J [exp (aW,)| = exo( 51). 


The Ornstein-Uhlenbeck process Let {W;}:>0 denote standard Brownian motion 
under P. The Ornstein—Uhlenbeck process, {X;};>0, is the unique solution to 
Langevin’s equation, 


dX; = —aX,dt + dW,;,, Xo =x. 


This equation was originally introduced as a simple idealised model for the velocity 
of a particle suspended in a liquid. In finance it is a special case of the Vasicek model 
of interest rates (see Exercise 19). Verify that 


t 
X,=e xt gE e% dW,, 
0 


and use this expression to calculate the mean and variance of X;. 


The Cox—Ingersoll-Ross model of interest rates assumes that the interest rate, r, is 
not deterministic, but satisfies the stochastic differential equation 


dr; = (a — Br;)dt + 0./r;dW,, 


where {W,};>0 is standard P-Brownian motion. This process is known as a squared 
Bessel process. Find the stochastic differential equation followed by {,/r;};>0 in the 
case a = 0. 

Suppose that {u(t)};>0 satisfies the ordinary differential equation 


2 
Oe Bult) Tul, u(0) =9, 
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for some constant 6 > 0. Fix T > 0. Assuming still that a = 0, for O < t < T find 
the differential equation satisfied by 


) [exp (—u(T — t)r:)| 3 
Hence calculate the mean and variance of rr and P[rr = 0]. 


The Black—Karasinski model of interest rates is 
1 
dr; = orid W; + (o + 5% — a log ridt, 


where {W;};>0 is a standard P-Brownian motion and 07, 0, and a; are deterministic 
functions of time. In the special case where o, 0 and a are constants, find r; as a 
function of h ed Ws. 


Suppose that, under the measure P, 
dS; =o Sd W; y 


where {W;};>0 is a P-Brownian motion. Find the mean and variance of 


t 
Y, £ f S,du. 
0 


Suppose that {M;};>0 is a continuous (P, {F;};>0)-martingale with E [M7] finite for 
allt > 0. Writing {[M ]; }r>0 for the associated quadratic variation process, show that 
M? — [M]; is a (P, {F;},>0)-martingale. 


Suppose that under the probability measure P, {X;};>0 is a Brownian motion with 
constant drift u. Find a measure P*, equivalent to P, under which {X;};>0 is a 
Brownian motion with drift v. 


Let {F;}r>0 be the natural filtration associated with a P-Brownian motion, {W; }>0. 
Show that if X is an Fr-measurable random variable with E[|X|] < co and P* is a 
probability measure equivalent to P, then the process 


M; £ E” [X|F;] 


is a (P*, {F;}o<;<r)-martingale. 


Use the Feynman—Kac stochastic representation formula to solve 
oF 1 ,3?F 
—(t,x) + ~o“—~(t, x) = 0, 
ot C2) 2 ax? ie 

subject to the terminal value condition 


F(T,x)= x4. 
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Suppose that the interest rate, r, is not deterministic, but is itself a random process, 
{rr}r>0. In the Vasicek model, {rt}r>0 is assumed to be a solution of the stochastic 
differential equation 

dr; = (b — ar,;)dt + odW,, 


where, as usual, {W;},>0 is standard P-Brownian motion. 
Find the Kolmogorov backward and forward differential equations satisfied by the 
probability density function of the process. What is the distribution of r; as t > 00? 


Suppose that v(t, x) solves 


a 1 a? 
a(t x) + 507s? F(t.) rot, x)=0, 0<t<T. 


Show that for any constant 0, 


is another solution. Use the Feynman—Kac stochastic representation to find a proba- 
bilistic interpretation of this result. 


Suppose that for 0 < s < T, 
dX, = u(s, Xs)ds +0 (s, Xs)dAWs, X; =x, 


where {Ws};<s<r is a P-Brownian motion, and let k,® : R — R be given 
deterministic functions. Find the partial differential equation satisfied by 


T 
F(t, x) = E[®(Xp)| X: = x] +f E[k(X;)|X; =x] ds. 
t 


5 The Black-Scholes model 


5.1 


Summary 


We now, finally, have all the tools that we need for pricing and hedging in the 
continuous time world of Black and Scholes. We shall begin with the most basic 
setting, in which our market has just two securities: a cash bond and a risky asset 
whose price is modelled by a geometric Brownian motion. 

In §5.1 we prove the Fundamental Theorem of Asset Pricing in this framework. In 
line with our analysis in the discrete world, this provides an explicit formula for the 
price of a derivative as the discounted expected payoff under the martingale measure. 
Just as in the discrete setting, we shall see that there are three steps to replication. 
In §5.2 we put this into action for European options. For simple calls and puts, the 
expectation that gives the price of the claim can be evaluated. We also obtain an 
explicit expression for the stock and bond holding in the replicating portfolio, via an 
application of the Feynman—Kac representation. 

The rest of the book consists of increasing the complexity of the derivative 
contracts and of the market models. Before embarking on this programme, we 
relax the financial assumptions that we have made within the basic Black-Scholes 
framework. The risky asset that we have specified has a very simplistic financial 
side. We have assumed that it can be held without additional cost or benefit and 
that it can be freely traded at the quoted price. Even leaving aside the issues of 
transaction costs and illiquidity, not much of the financial market is like that. Foreign 
exchange involves two assets that pay interest, equities pay dividends and bonds pay 
coupons. In §5.3—§5.5 we see how to apply the Black-Scholes technology in these 
more sophisticated financial settings. Finally, in §5.6, we characterise tradable assets 
within a given market and we define the market price of risk. 


The basic Black-Scholes model 


In this section we provide a rigorous derivation of the Black-Scholes pricing formula 
obtained in §2.6. As in Chapter 2, our market consists of just two securities. The first 
is our old friend the cash bond, {B;};>0. We retain (for now) our assumption that 
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the risk-free interest rate is constant, so that if Bọ = 1 then B; = e’’. The second 
security in our market is a risky asset whose price at time f we denote by S;. In this, 
our basic reference model, we suppose that {S;};>0 is a geometric Brownian motion, 
that is it solves 


dS; = wS,dt + oS,dwW,, 


for some constants u and o, where {W;}:>0 is a P-Brownian motion. Notice that 
this corresponds to taking v = u — 50° in our calculations of §2.6. We call P the 
market measure. Exactly as in the discrete world, the market measure tells us which 
market events have positive probability, but we shall reweight the probabilities for 
the purposes of pricing and hedging. 


As in the discrete world, our starting point is that the market does not admit any 
arbitrage opportunities. Our strategy also parallels the work of Chapter 2: to obtain 
the time zero price of a claim, Cr, against us at time T, we seek a self-financing 
portfolio whose value at time T is exactly Cr. In the absence of arbitrage, the value 
of the claim must be the same as the cost of constructing the replicating portfolio. 
Of course for this argument to work, the trading strategy for this portfolio must 
be previsible. Moreover, because we are now allowed to rebalance the portfolio as 
often as we like, rather than just at the ‘ticks’ of a clock, to avoid obvious arbitrage 
opportunities we must introduce a further restriction on admissible trading strategies 
for our portfolio. We illustrate with an example. 


Example 5.1.1 (The doubling strategy) Consider the following strategy for betting 
on successive (independent) flips of a coin that comes up heads with probability 
p > 0. We bet $K that the first flip comes up heads. If it does come up heads then we 
stop, having won $K. If it does not come up heads, then we bet $2K that the second 
flip comes up heads. If it does, then our net gain is $K and we stop. Otherwise we 
have lost $3K and we bet $4K that the next flip is a head. And so on. If the firstn —1 
flips all come up tails, then we have lost $y 2/ K = $(2”—1)K and we bet $2" K 
on the nth flip. Since with probability one the coin will eventually come up heads, we 
are guaranteed to win $K. Of course, this relies on our having infinite credit. If we 
only have limited funds, then the apparent arbitrage opportunity disappears. 


With this example in mind, we make the following definition. 
Definition 5.1.2 A self-financing strategy is defined by a pair of predictable 


processes {Wr}o<r<T,» {r}o<r<7, denoting the quantities of riskless and risky asset 
respectively held in the portfolio at time t, satisfying 


T T 
I wilde + f bP dt < oo 
0 0 


(with probability one), and 
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t t 
WB; + Pi St = WoBo T poSo +f Wud By +f Pud Su 
0 0 
(with probability one) for all t € [0, T]. 
Remarks: Condition 1 ensures that the integrals in condition 2 make sense. More- 
over, h Qud W,, will be a P-martingale. 


In differential form, condition 2 says that the value, V; (Y, 6) = WB; + prsi, of 
the portfolio at time ż satisfies 


dV, (yr, Q) = Yid B; F pid Sr, 


that is, changes of value of the portfolio over an infinitesimal time interval are due 
entirely to changes in value of the assets and not to injection (or removal) of wealth 


from outside. 


As in the discrete setting, the key will be to work with a probability measure, Q, 
equivalent to the ‘market measure’ P and under which the discounted stock price, 
{S;} 1>0, is a Q-martingale. This means that it is convenient to think of the discounted 
asset price process as the object of central interest. With this in mind we prove the 
following continuous analogue of equation (2.5). 


Lemma 5.1.3 Let {(Wr}o<t<r and {¢;}:>0 be predictable processes satisfying 


T T 
f wilde + f Ibi dt < o0 
0 0 


(with probability one). Set 


VCW, P) = WB + pis Vilh, p) = e™ VY, o). 


Then {Wt, dr}o<t<r defines a self-financing strategy if and only if 


t 
Vi(w, $) = Vol, $) +f Pud Su 
0 
with probability one for allt € [0, T]. 


Proof: Suppose first that the portfolio {W;, ¢;}o<;<r is self-financing. Then 


dVi, p) = —re"'Vi(y, pdt +e"dV,(W, p) 
= =re™ (ye + bS;) dt +e" idle") +e" dS; 
= Qı (—re“"'S,dt + e"'dS;) 
= bd S, 


as required. 
The other direction is similar and is left as an exercise. 
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Before going further, we outline our strategy. We write Cr for the claim at time T that 
we are trying to replicate. It may depend on {S;}o<;<7 in more complex ways than 
just through Sr. Suppose that somehow we can find a predictable process {¢;}o<:<r 
such that the claim Cr, discounted, satisfies 


T 
drie irent / bids. 
0 


Then we can replicate the claim by a portfolio in which we hold ¢; units of stock and 
Wr units of cash bond at time t, where y is chosen so that 


~ ~ t ~ 
Vi(w, $) = OS; + We” = ¢0 +f Pud Su. 


By Lemma 5.1.3, the portfolio is then self-financing, and, moreover, Vr = Cr. The 
fair price of the claim at time zero is then Vo = go. 

This is fine if we know ¢o, but there is a quick and easy way to find the right price 
without explicitly finding the strategy {W7, ¢:}:>0. Suppose instead that we can find 
a probability measure, Q, under which the discounted stock price is a martingale. 
Then, at least provided H pżdu < ©, 


t 
Í das: 
0 


will be a mean zero Q-martingale and so 


t 
E[r y, )] = do + EP | [ oud] PN 


So ġo = zQ [Cr] is the fair price. 

This then is entirely analogous to the pricing formula of Theorem 2.3.13. If there 
is a probability measure, Q, equivalent to P and under which the discounted stock 
price is a martingale, then, provided a replicating portfolio exists, the fair time zero 


price of the claim is 12[Cr], the discounted expected value of the claim under this 


measure. 

We have assumed that the process {¢;}:>09 exists. We prove this (for this basic 
Black-Scholes market model) in Theorem 5.1.5 via an application of the Martingale 
Representation Theorem. First, if our pricing formula is to be of any use, we should 
find the equivalent martingale measure Q. 


Lemma 5.1.4 (A probability measure under which {Si}i>0 is a martingale) There is 
a probability measure Q, equivalent to P, under which the discounted stock price 
{S}is6 is a martingale. Moreover, the Radon—Nikodym derivative of Q with respect 
to P is given by 
d 1 
A dQ = exp (-ow, — 30) : 
F, 2 
t 


(0) 
L = 
i dP 


where 0 = (u—r)/o. 


116 


The Funda- 
mental 
Theorem of 
Asset Pricing 


THE BLACK-SCHOLES MODEL 


Proof: Recall that 
dS; = wS,dt + o Sid B;, 


So 
dS, = Š, (—rdt + udt + odW,). 


Consequently, if we set X; = W; + (u — r)t/o, 
dS; = SiodX;. 


Now from Theorem 4.5.1, {X;}r>0 is a Q-Brownian motion and so {Si}is0 is a Q- 
martingale. Moreover, 


S = So exp (ox, — o*t/2) x 


We can now prove the Fundamental Theorem of Asset Pricing in the Black-Scholes 
framework. 


Theorem 5.1.5 Let Q be the measure given by Lemma 5.1.4. Suppose that a claim 
at time T is given by the non-negative random variable Cr € Fr. If 


SI CF] < ©, 


then the claim is replicable and the value at time t of any replicating portfolio is 
given by 


V = zQ |e me Cr| Fi]. 


In particular, the fair price at time zero for the option is 


Vo = EL [eT Cr] = EL [Cr]. 


Proof: In the argument that followed Lemma 5.1.3 we showed that if we could find 
a process {@;}o<r<7 such that 


T 
Cr=o0+ f Pud Su, 
0 


then we could construct a replicating portfolio whose value at time ż satisfies 


t 
VID f hidsig (5.1) 


which, by the martingale property of the stochastic integral is precisely 


T 
Pp) =EL [o+ f duds, 


F| = Ee [ê| F] =E? |e Ter| Fi]. 


117 


5.1 THE BASIC BLACK-SCHOLES MODEL 


Undoing the discounting on [0, t] gives 


Viv 6) =E [ec] A]. 


Let’s just reassure ourselves that such a price is unique. Evidently any other 
replicating portfolio, (Wr, brlo<t<r, has Vr (Wr, é) = Cr and if it is self-financing 
(by Lemma 5.1.3) it satisfies an equation of the form (5.1). Repeating the argument 
above we see that we obtain the same value for any self-financing replicating 
portfolio. 

The proof of the theorem will be complete if we can show that there is a 
predictable process {;}o<:<7 such that 


T 
Cr = o0+ f Pud Sy. 
0 


Now, by Exercise 2, 


M, ê fe Tr F] 


is a square-integrable Q-martingale. The natural filtration of our original Brownian 
motion is the same as that for the process {X;};+09 defined in Lemma 5.1.4. That 
is, {M;r}r>0 is a square-integrable “Brownian martingale’ and by the Brownian 
Martingale Representation Theorem 4.6.2 there exists an {F;}o<;<7r-predictable 
process {@;}o<;<7 such that 


t 


M, = Mo +f 0,dX,. 
0 


Since dS, = oS,dX;, we set 


6, & 
oy = A and Yr = Mr — ¢;5;. 
oS; 


Condition 1 of Definition 5.1.2 is easily seen to be satisfied and so the strategy 
corresponding to {W, dr}o<r<7 defines a self-financing replicating portfolio as 
required. 


Remark: The theorem that we have just proved is very general. Subject to our mild 
boundedness condition, the claim Cy could be almost arbitrarily complex provided 
it depends only on the path of the stock price up to time T. The price of the claim 
at time zero is EQ [e7 TC r] and this can be evaluated, at least numerically, even for 
complex claims Cr. 

We have proved that not only does there exist a fair price, but moreover, we can 
hedge the claim. Its shortcoming is that although we have asserted the existence of 
a hedging strategy, we have not obtained an explicit expression for it. We shall find 
such an expression for European options, that is claims that depend only on the stock 
price at maturity, in the next section. 


118 


5.2 


THE BLACK-SCHOLES MODEL 


Just as in the discrete world, we have identified a procedure for valuing and 
replicating a claim. 


Three steps to replication: 

1 Find a measure Q under which the discounted asset price {Š;}:>0 is a 
martingale. 

2 Form the process M, = EQ [eT Cr| F]. 

3 Find a predictable process {¢;}+>9 such that dM, = hrd S,. 


Black-Scholes price and hedge for European options 


In the case of European options, that is options whose payoff depends only on the 
price of the underlying at the time of maturity, both the price of the option and the 
hedging portfolio can be obtained explicitly. 

First we evaluate the price of the claim. Our assumptions are exactly those of §5.1. 


Proposition 5.2.1 The value at time t of a European option whose payoff at 
maturity is Cr = f (Sr) is V; = F (t, S+), where 


FED) = er = T f (x exp (¢ ~62/2)(T —t) + oyVT —1)) 


exp 97/2) 
V2n 


Proof: From Theorem 5.1.5 we know that the value at time t is 


dy. 


22 eP-9 o Fi] (5.2) 


where Q is the martingale measure obtained in Lemma 5.1.4. Under this measure 
X; = W, + (u —r)t/o is a Brownian motion and 


dS, = oS,dX;. 


Solving this equation, 


~ = 1 
Srp = Š, exp (ou X;) 50 n) l 
We can now substitute into (5.2) to obtain 


1 
V, = EL E ue (see exp (ow X) 50 (7 »)\|a]. 


Since under Q, conditional on F;, Xr — X; is a normally distributed random variable 
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with mean zero and variance (T — t), we can evaluate this as 


V, F(t, St) 


£ L gros (set exp (oz = sor a )) 
1 z? d 
<mana N PN 2-0) 
= graa f" f (s exp((r — 5° (7 =t) +0yvT=1)) 


as required. 


Pricing calls | For European calls and puts, the function F of Proposition 5.2.1 can be calculated 
and puts explicitly. 


Example 5.2.2 (European call) In the notation of Proposition 5.2.1, suppose that 
Ff (Sr) = (Sr — K)+. Then, writing 0 = (T — t), 


F(t, x) =x®(d)) — Ke~"’ (d2), (5.3) 


where ®(-) is the standard normal distribution function, given by 


y 1 2 
bo) = f e™l?dy, 
i ~co V2 á 
log(#) + (r+ ¥)@ 
d = 


oẸv0 


and dz = dı — oJ. 


Proof: Substituting for f and x in the last line of the proof of Proposition 5.2.1 we 
have that 


Ft, x) =E [ae = Kew") | , (5.4) 
+ 


where Z ~ N(O, 1). First we establish for what range of values of Z the integrand is 
non-zero. Rearranging, 
xe? V 0Z—0°0/2 > Ke"? 


is equivalent to 


2 
z log ($) + 78 -r0 


Z 
os/0 
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Thus the integrand in (5.4) is non-zero if Z + d2 > 0. Using this notation 


F(t,x) = E (p = Ke") 17+420| 


ee 
T (p Vn — Ke™’) = are 
=d sN 27 


d _ 82 
l : (enna? — Ke’) aa ay 
~ 27 


—0o 
ad 2 e`) 1/2 
= xf evo- dy Ke a(d). 
= JI j 


Substituting z = y + 0/6 in the first integral in the last line we finally obtain 


F(t, x) =x®(d)) — Ke’ ®(dy). 


Equation (5.3) is known as the Black-Scholes pricing formula for a European call 
option. The corresponding formula for a European put option can be found in 
Exercise 3. 


Remarks: 


Bachelier actually obtained a formula that looks very like this for the price of a 
European call option, except that the geometric Brownian motion is replaced by 
Brownian motion. This, however, was a fluke. Bachelier was using expectation 
pricing and did not have the notion of dynamic hedging. 

Notice that the pricing formula depends on just one unknown parameter, o, called 
the volatility by practitioners. The same will be true of our hedging portfolio. The 
problem that then arises is how to estimate o from market data. The commonest 
approach is to use the implied volatility. Some options are quoted on organised 
markets. The price of European call and put options is an increasing function 
of volatility and so we can invert the Black-Scholes formula and associate an 
implied volatility with each option. Unfortunately, the estimate of o obtained in this 
way usually depends on strike price and time to maturity. We briefly discuss the 
implications of this in §7.4. 


We now turn to the problem of hedging European options. That is, how should we 
construct a portfolio that replicates the claim against us? 

The Martingale Representation Theorem tells us that since the discounted option 
price and the discounted stock price are martingales under the same measure, one is 
locally just a scaled version of the other. It is this local scaling that we should like 
an expression for. In our discrete world of §2.5 we found ¢;+1 as the ratio of the 
change in value of the option to that of the stock over the (i + 1)st tick of the clock. 
It is reasonable to guess then that in the continuous world ¢; should be the partial 
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derivative of the option value with respect to the stock price and this is what we now 
prove. 


Proposition 5.2.3 In the notation of Proposition 5.2.1, the process {¢r}0<t<T 
that determines the stock holding in the replicating portfolio of Theorem 5.1.5 is 
given by 
OF 
br = 7 (t, x) 
Ox aoe, 


Proof: In this notation, the result of Theorem 5.1.5 becomes 


FG, x) = E? |e"? fes] S = 2] 
where, under Q, 
dS; = oS,dX;, 
and {X;}o<:<7 is a Brownian motion. Evidently 
dS, = rS,dt + oS,dX;. 

Combining the Feynman—Kac representation and the usual product rule of differen- 
tiation, F(t, x) satisfies 

OF 

ot 
This is the Black-Scholes equation. You are asked to verify that F (t, x) satisfies this 


equation via a different route in Exercise 4. 
Define the function F(t, x) = e~ F(t, xe"), then V; = F(t, S+). Observing that 


l 5 50°F OF 
(t,x) + =o°x (t,x) —rF(t,x) +rx—(t, x) =0, O<t<T. 
2 ax? ax 


aF 1 3 30°F 
ar ONSE X FRS 


and applying Itô’s formula to F (u, S,,) for 0 <u <T, 


Lote, es POPS. ok 
F(T, Sr) = F(Q, s+ f oSs——(S, Ss)d Xs 
0 X 


OET doen. 88 
F(O, So) + 57 (s, Ss)d Ss. 
0 ox 


This gives 7 
p = 0,5) = 6,5) 
ea ax Ly ax s 9t 
as required. 
Example 5.2.4 (Hedging a European call) Using the notation of Example 5.2.2, 


for a European call option we obtain 


OF 
— (t, x) = O(d)). 
Ox 
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Proof: Using the same notation as in Example 5.2.2 we have 


F(t, x) = |( exp (ovez -— o?8/2) z K) | , 


where Z ~ N (0, 1) and 0 = (T — t). Differentiating the integrand with respect to 
x gives exp (o VOZ — o*/2) if the integrand is strictly positive and zero otherwise. 
Then, again using the notation of Example 5.2.2, 


Ea, x) z [exp (ovez = o?8/2) 17+d320| 


f ex(ovs 06/2 y?/2) 


=d 


dy. 


1 
~v 2T 
Substituting first u = — y and then z = u +00 as before this reduces to ® (d1). So 
OF 
a, (t,x) = Pd). 
Ox 

For the European put one calculates 


OF 
ga C =d): 
X 


Remark: (The Greeks) The quantity ð F/ðx is often called the delta of the option by 
practitioners. For a portfolio z of assets and derivatives, the sensitivities of the price 
to the parameters of the market are determined by the Greeks. If we write 7 (t, x) for 
the value of the portfolio if the asset price at time f is x, then in addition to the delta, 
given by on we have the gamma, the theta and the vega: 

a?r _ ôr 


EE E 
ax? ot 


_ On 


ae 


y 


Foreign exchange 


In this section we begin our programme of increasing the financial sophistication 
in our models by looking at the foreign exchange market. Holding currency is a 
risky business, and with this risk comes a demand for derivatives. To operate in this 
market we should like to be able to value claims based on the future value of one unit 
of currency in terms of another. 

The pricing problem for an exchange rate forward was solved in Exercise 13 of 
Chapter 1. In contrast to the pricing problem for a forward contract based on an 
underlying stock that pays no dividends, which we solved in §1.2, for an exchange 
rate forward we needed to take into account interest rates in both currencies. 
Similarly, in valuing a European call option based on the exchange rate between 
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Sterling and US dollars in Example 1.6.6 we needed a model for both the Sterling 
and the US dollar cash bond. Our Black-Scholes model for foreign exchange markets 
too must incorporate cash bonds in both currencies. For definiteness, we suppose that 
the two currencies are US dollars and pounds Sterling. 


Black-Scholes currency model: We write {B;};>o for the dollar cash bond and 
{D;}:>0 for its Sterling counterpart. Writing E, for the dollar worth of one 
pound at time ¢, our model is 


Dollar bond B; = e”, 
Sterling bond D; =e“, 
Exchange rate E, = Egexp(vt+oW;,), 


where {W;};>0 is a P-Brownian motion and r, u, v and ø are constants. 


We now encounter exactly the problem that we had to overcome in the discrete world: 
the exchange rate is not tradable. We must confine ourselves to operating within a 
single market. Let us work first from the point of view of the dollar investor. In 
the dollar markets, neither the Sterling cash bond nor the exchange rate is tradable. 
However, the product of the two, S, = E;D;, can be thought of as a dollar tradable. 
The dollar investor can hold Sterling cash bonds and their dollar value is precisely 
S, at time t. Moreover, any claim based on Er can be thought of as a claim based on 
Sr. 

We now have a set-up that precisely mirrors the basic Black-Scholes model of 
§5.1. From the point of view of the dollar trader there are really two processes, the 
dollar cash bond, {B;};>0, and the dollar value of the Sterling cash bond, {5S;};>0. 
We can now apply the Black-Scholes methodology in this setting. Let Cr denote the 
claim value (in dollars) at time T. 


Three steps to replication (foreign exchange): 

1 Find a measure Q under which the (dollar bond) discounted process {S; -_ 
Be Sey is a martingale. 

2 Form the process M, = zQ [e"?Cr| F]. 

3 Find an adapted process {¢;}o<;<7 such that dM; = hrd Sr. 


Since S$, = E;D; = exp ((v +u)t + o W,) , the process {S;};>0 is just a geometric 
Brownian motion and so our work of §5.1 ensures that we can indeed follow these 
steps. 

First we apply It6’s formula to obtain the stochastic differential equation satisfied 
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by {Si}+>0: i 
dS; = (» +u+ 50°) Sidt + o Sed W;. 


Now applying Lemma 5.1.4, we find that the Radon—Nikodym derivative with 
respect to P of the measure Q under which the dollar-discounted process {S;}r>0 
is a martingale is 


d 1 
dQ = LO 2 exp (-ow, — 50) ; 
dP |F, 2 


where 0 = (v +u+ lo? S r) /o. Moreover, 


(v+ut tor) 


X, W, + t 


o 


is a Q-Brownian motion. 
We follow the rest of the procedure in a special case (see also Exercise 11). 


Example 5.3.1 (Forward contract) At what price should we agree to trade Sterling 
at a future date T ? 


Solution: Of course we already solved this problem in Exercise 13 of Chapter 1, 
but now rather than guessing the hedging portfolio, we follow our three steps to 
replication. 

We have already found the measure Q. Now if we agree to buy a unit of Sterling 
for K dollars at time T, then the payoff of the contract will be 


Cr=Er-K. 
The value of the contract at time f is then 
ye = Eel etc, 5] 


= fe r(T—0) Er- K)| Fi). 


A forward contract costs nothing at time zero and so we must choose K so that 
Vo = 0. In other words, K = zQ [Er]. Expressing Er as a function of Xr gives 


1 
Er = Eo exp (oxr = ee +r- wT) : 


and so using that {X;};>0 is a Q-Brownian motion gives the fair value of K as 


K = EQ [E7] = e%—T Ep. 


Finally we find the hedging portfolio. With this choice of strike price, the value 
of the contract at time t is 


i= E[e r(T-t) (Er = Ege") Fi]. 
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Since Er = Dr! Br Sr, under Q we have 


uL Er| Fi] = ef OF DD; 1B, ‘[S2|Fi] — ef -T-) D-1 B, Š, = ef -OT-D F, 
so, substituting, 
V, = ete — e"!—"T Eg = eT (e"' E, = e"! Eo) l 
The dollar-discounted portfolio value is 
M; = e™ V, =e Fe! E, — eT Ey = "TS, — e™T Ep. 


The required hedging portfolio is constant, consisting of ¢, = e~“? Sterling bonds 
and y; = —e~“" Ep (dollar) cash bonds. 


We now turn to the Sterling investor. From her point of view, tradables are quoted 
in pounds Sterling. Once again, in effect there are two Sterling tradables. The first is 
the Sterling cash bond. The second is the Sterling value of the dollar bond given by 
Z; = E; ' B. 

Once again we can follow our three-step replication programme. The Sterling- 
discounted value of the dollar bond is 


Ž, = D} 'EĮ'B, = Ep exp (—0 W, — (v +u — r) t). 


We use Lemma 5.1.4 to see that under the measure QË given by 


with A = (v +u-r— o?/2) /o, {Ž:}>0 is a martingale and 


© +u-=r-0°/2), 


X, =W, + a 


is a Qf-Brownian motion. For the Sterling investor then the option price is 


U, = DEX | DEF Cr| F]. 


We now have the same worry that we encountered in Exercise 15 of Chapter 1. The 
risk-neutral measures Q and Q£ can be thought of as defining a probability measure 
on the paths followed by {E;}r>0 — the only truly random part of our model — and the 
two measures are different. So do they give the same price? 

To put our minds at rest we find the dollar worth of the Sterling investor’s 
valuation, that is 


£ 
E,U, = E,D,E® | prez 'Cr| F]. 
To compare this with our expression for V; we express the expectation as a 
Q-expectation, again using Girsanov’s Theorem. Now 


(v+u-r-}0?) 
t= X; 


X, =W,+ g 


ot 
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and so 


Now i 
E, = Eo exp (ox, — 50t +(r— wr) ; 


so we can write ¢ = B7! D; E,. Substituting gives 


EU, = EDE | Dz! E;'Cr| F| 


= E,D:g; : l | Dp EF trCr| Fi] 


= B 


x~ 


| Bsr] F]. 


In other words the dollar value obtained by the Sterling investor is precisely V;. The 
difference in the measures is merely an artefact of the different choice of ‘reference 
asset’ or numeraire. 


Dividends 


Our assumption so far has been that there is no value in simply holding a stock. We 
should now like to relax that assumption to allow the pricing and hedging of options 
based on equities — stocks that make periodic cash payments. 


It is simplest to begin with a dividend that is paid continuously. Assume as before 
that the stock price follows a geometric Brownian motion given by 


Sı = Soexp(vt+oaW,), 


but now in the infinitesimal time interval [t, t + dt) the holder of the stock receives 
a dividend payment of 6S;dt where ô is a constant. As always, we also assume that 
the market contains a riskless cash bond, {B;}r>0, and we denote the continuously 
compounded interest rate by r. 

The difficulty that we now face is that {S;}:+9 does not represent the true worth 
of the asset: if we buy stock for price So at time zero, when we sell it at time ¢, the 
value of having held it is not just S, — So but also the total accumulated dividends. In 
this model these depend on all the values that are taken by the asset price in the time 
interval [0, rt]. In this sense, {S;};>0 is not tradable. 

Our solution, just as for foreign exchange, is to translate the process into some- 
thing that is tradable. The simplest solution is as follows. Suppose that whenever a 
cash dividend is paid, we immediately reinvest it in stock. The infinitesimal payout 
6S;dt will buy ôdt units of stock. At time t, rather than holding one unit of stock, we 
hold eĉ% units with total worth 


Zi = Soexp((v + 6)t +oW;). 
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We regard the simple portfolio obtained by holding stock and continuously reinvest- 
ing the dividends in this way as a single asset with value Z; at time t. There is no 
cost in holding this asset and it makes no dividend payments. We are back in familiar 
Black-Scholes country. 


Remark: Because the dividend payments were a constant proportion of the stock 
price, it was natural to reinvest them in stock. Had payments been fixed amounts of 
cash, it would have been more natural to construct our ‘tradable’ asset as a portfolio 
in which dividends were immediately reinvested in bonds. This will be the situation 
of §5.5. 


Any portfolio consisting of ġe% units of our original dividend-paying stock and y 
cash bonds at time t can be thought of as a portfolio of ¢; units of our new tradable 
asset and yy, units of cash bond. 

We can now follow our familiar procedure. 


Three steps to replication (continuous dividends): Let Zi = Beg =e "Zi 

1 Find a probability measure Q under which { Zi} t>0 (with its natural filtra- 
tion) is a martingale. 

2 Form the discounted value process, 


y, = fe Ter|s;]. 
3 Find a predictable process {¢;}o<;<7 such that 


dV, = b:dZ;. 


Notice that a portfolio consisting of ¢; units of our tradable asset and y; units of 
cash bond at each time t € [0, t] is self-financing if the value, {V;}:+0, satisfies 


dV, = ıd Zi + Yid B, = pid Sı + Qô Sidt + Wd By. 
The change in value over [t, t + dt) is due not only to profits and losses of trading 


but also to dividend payments. 


Example 5.4.1 (Call option) Suppose that a call option with strike price K and 
maturity T is written on the dividend-paying stock described above. What is the value 
of the option at time zero and what is the replicating portfolio? 


Solution: We follow our three steps to replication. First we must find the martingale 
measure Q. The stochastic differential equation satisfied by {Z;};>0 is 


& 1 k x% 
dZ; = (++ 5 =r) Budi + 02,4, 
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As usual we apply the Girsanov Theorem. Under the measure Q defined by 


l2 
= exp | —AW, — =A‘t 
F, 2 


with i= (v +544 lo 2—r)/o 


dP 


(v4545 50 2r) 


= W, + t 
Oo 


is a Brownian motion and hence {Zito is a martingale. We can now just read 
off the price and the hedge from the corresponding formulae in Example 5.2.2 and 
Example 5.2.4. The value of the portfolio at time f is 
F| 
+ 


e-r (T-t) 9ST a| (zr- xe) |]. 


V, = e”™T-DEL[|(Sr — K), F] 
eT- 29 (¢ Zr- K) 


That is the value is that of e~°’ copies of a call option on {Z,};>0 with maturity T 
and strike Ke*’. We write F, = e”—°)7—9 S, for the forward price of our underlying 
stock at time t (see Exercise 14). Substituting from Example 5.2.2 we obtain 


log (Zr) + (r+ 3 =) (T=1) 
oV/T =t 


Z EI 
_ Kev eT @ log (rr) i (r 2 ) T= 


V = e 27,0 


log (% by +4 162(T —12) 
a/T =t 
log ($) -30T -0 
K® Ts 


Now using Example 5.2.4 we see that the replicating portfolio should consist of 
eT, units of our tradable asset Z; at time t where 


log (#) + 50°(T — t) 


e`" Tt) F,® 


= 0 : 
4 oV/T -t 
corresponding to 
log (ž) + 50°(T — t) 
eT- @ 


ONT —t 
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units of the dividend-paying asset. The bond holding in the portfolio will be 


log (ž) - lo?(T —t) 
ONT —t 


Y = —Ke''® 


Example 5.4.2 (Guaranteed equity profits) Let {Si }r>0 denote the value of the UK 
FTSE stock index. Suppose that we buy a five-year contract that pays out Z defined 
to be 90% of the ratio of the terminal and initial values of the FTSE if this value is 
in the interval (1.3, 1.8], 1.3 if Z < 1.3 and 1.8 if Z > 1.8. What is the value of this 
contract at time zero? 


Solution: The claim Cr is 


Cr = min {max 1.3, 09m}. L8} 3 
So 
where T is five years. Since the claim is based on a ratio, without loss of generality 
we set So = 1. As FTSE is composed of one hundred different stocks, their separate 
dividend payments will approximate a continuously paying stream. We assume the 
following data: 
FTSE drift u =7%, 
FTSE volatility o = 15%, 
FTSE dividend yield 5 = 4%, 
UK interest rate r = 6.5%. 


We can rewrite the claim as the sum of some cash plus the difference in the payout 
of two FTSE calls, 


Cr = 1.3 + 0.9 { (Sr — 1.444), — (Sr — 2)4}. 
Now the forward price for S; is 
FS OE So = 1.133, 


and so using the call price formula for continuous dividend-paying stocks of 
Example 5.4.1 we can value these calls at 0.0422 and 0.0067 (per unit) at time zero. 
The value of our contract at time zero is then 


1.3e7’T + 0.9 (0.0422 — 0.0067) = 0.9712. 


In practice, an individual stock does not pay dividends continuously, but rather at 
regular intervals. Suppose that the times of the payments are known in advance to be 
Ti, T,... and that at each time T; the current holder of the equity receives a payment 
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of ôSr,. As shown in Exercise 7 of Chapter 2, in the absence of arbitrage, the stock 
price must instantaneously decrease by the same amount. So at any of the times 7;, 
the dividend payout is exactly equal to the instantaneous decrease in the stock price. 
Between payouts we assume our usual geometric Brownian motion model. 


Equity model with periodic dividends: At deterministic times 7), 72,... the 
equity pays a dividend of a fraction 6 of the stock price which was current just 
before the dividend is paid. The stock price itself is modelled as 


Si = So 1 — 8)" exp (vt + o W;), 


where n[t] = max{i : T; < t} is the number of dividend payments made by 
time t. There is also a riskless cash bond B, = exp (rf). 


At first sight it looks as though we have two problems. First, although between the 
times 7; our stock price follows the usual geometric Brownian motion model, at 
those times it has discontinuous jumps. This doesn’t fit our framework. Secondly, 
as for continuous dividends, the stock price process {S;}r>o does not reflect the true 
value of the stock. However, by adapting our strategy for the continuous dividends 
case and reinvesting all dividend payments in stock, we’ll overcome both of these 
obstacles. 

We define {Z;};>0 to be the value of the portfolio that starts with one unit of 
stock at time zero and every time the stockholding pays a dividend it is reinvested 
by buying more stock. The first dividend payment is dS7,_, ô times the stock 
price immediately prior to the payment. Immediately after the payment of the first 
dividend, the stock price jumps to S$7,, = (1 — 5)S7,-, so our dividend payment 
will buy us an additional 6/(1 — 6) units of stock, thereby increasing our total stock 
holding by a factor of 1/(1 — ô). At time ¢ the portfolio will therefore consist of 
1/(1 — 6)"""1 units of stock. Thus 


Z, = (1 —8) "8, = So exp (vt +o W;,). 


As before we think of our portfolio {Z;};>9 as a non-dividend-paying asset and so 
our market consists of two tradable assets, the portfolio {Z;};>0 and a riskless cash 
bond {B;};>0, and we are back in familiar territory. 

We mimic exactly what we did for continuous dividend payments. A portfolio 
consisting of ¢; units of Z; and y; in cash bonds at time ¢ is equivalent to (1 — 
8) "lg, units of the dividend-paying underlying stock, Sp, and yy units of cash 
bond. 

The measure Q that makes the discounted process { Z, }+>0 a martingale satisfies 


dQ ils 
CS = exp|-AW, — -22t 
dP |+ exp ( = ) 
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with A = (v + lo? — r) /o. Rewriting the claim as a function of Zr we can use the 
classical Black-Scholes analysis to price and hedge the option. 


Example 5.4.3 (Forward price) Find the fair price to be written into a forward 
contract on a stock that pays periodic dividends. 


Solution: The value of the contract at time T is Cr = Sr — K . We seek K so that the 
time zero value of the contract is zero. As usual, the value at time f is the discounted 
expected value of the claim under the martingale measure Q. That is 


ve = Ele" Sr- K)| F| 
= Eten (a-z - K)| Fi] 


= (1—6)"Iz, — Ke"? 
— syalT]-n[th eo _ —r(T—t) 
(1-6) S, — Ke 


The K for which this is zero at time zero is 


K = eT (1 —5)"7I85. (5.5) 


Bonds 


A pure discount bond is a security that pays off one unit at some future time T. Most 
market bonds also pay off a series of smaller amounts, c, at predetermined times 
Ti, D, ... , Ta. Such coupon payments resemble dividend payments except that the 
amount of the coupon is known in advance. 

So far we have considered only a riskless cash bond in which the interest rate 
too is known in advance. In real markets, uncertainty in interest rates causes the 
price of bonds to move randomly as well. In order to keep the book to a reasonable 
length we do not intend to enter into a full account of bond market models. An 
excellent introduction can be found in Baxter & Rennie (1996). So for the purposes 
of this section, we are going to take a schizophrenic attitude to interest rates. We’ll 
assume that we have a riskless cash bond following B, = e”’, but also a stochastically 
varying coupon bond whose price between coupon payments evolves as a geometric 
Brownian motion. Clearly there are links between the short term interest rate and 
bond prices, but over short time horizons, many practitioners ignore them. In effect 
we are thinking of a coupon bond as an asset paying predetermined cash dividends 
at times Ti, 7>,... , Tn where we assume Tp < T. Writing I(t) = min{i : t < Ti}, 
the bond price satisfies 


S, = 5 ce") 4 Aexp(vt +oW,), 
i=I(t) 


for some constants A, v ando. 
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As for dividend-paying stock, the price process {S;};>0 is discontinuous at the 
coupon payment times. Once again however we can manufacture a continuous 
non-dividend-paying asset from {S;};>0. Whereas when our dividend payment was 
a fraction of the stock price it was natural to reinvest it in stock, now, since our 
coupons are fixed cash payments, we invest them in the riskless cash bond. With 
this investment strategy the coupon paid at time T; then has value ce~"“"'—”) for all 
t € [0, T] and so the portfolio constructed in this way has value 

n 
Z= > ce UY + A exp (vt +o W;). 
i=l 
Exactly as before we think of our market as consisting of the riskless cash bond 
{B;};>0 and the tradable asset {Z;};>0. 

As usual we want to find Q under which the discounted asset price {Ž:}>0 is 
a martingale. But Ž, is just the constant cash sum yea te T plus the geometric 
Brownian motion A exp ((v — r)t + o W,). This will be a Q-martingale if 


d 1 
a = exp (-aw, — ir) 
dP lr 2 


where à = (v + 507 - r) /o. Under Q, 


Baa 
marma ona 


is a Brownian motion. The value at time ¢ of an option with payoff Cr is now 
[enter] a]. 


Under Q, the price of the bond at time T is just 


1 
Sr = A exp (+ — 50°) + axr) . 


The forward price for Sy at time zero is F = Ae” T and the value of a call on Sy with 
strike price K at maturity T is 


„=T [ro (= (ž)+ ry = (= (ž)- a) 


see Exercise 20. 


Market price of risk 


A definite pattern has emerged. Given a non-tradable stock, we have tied it to 
a portfolio that can be thought of as a tradable, found the martingale measure 
corresponding to that tradable process and used that measure to price the option. In 
deciding what is tradable and what is not we have used only common sense. Indeed it 
is not something that can be reduced purely to mathematics, but if we decide that an 
asset with price {S;}r>0o is truly tradable and we have a riskless cash bond, {B;};>0, 
we should like to determine the class of tradables within the market that they create. 


133 


Martingales 
and 
tradables 


5.6 MARKET PRICE OF RISK 


Suppose that Š, = Br 1 S, is the discounted price of our tradable asset at time t. Let Q 
be a measure under which {S, }+>0 is a martingale. If we take another process, {V;};>0 
for which the discounted process {Vihi>0 given by V, = Be V, isa (Q (F5}=0)- 
martingale, then is {V;};>0 tradable? 

Our strategy is to construct a self-financing portfolio consisting of our tradable 
asset and the tradable discounting process whose value at time f is always exactly V;. 
As usual, the first step is an application of the Martingale Representation Theorem. 
Provided that B; l S, has non-zero volatility, we can find an { FS }+>0-previsible 
process {¢;};>0 such that 


dV, = o,d5;. (5.6) 


Taking our cue from the construction of the portfolio replicating an option in §5.1, 
we create a portfolio that at time ¢ consists of ¢; units of the tradable S, and Y; = 
V, — > S, units of (the tradable) B;. The value of this portfolio at time ¢ is exactly 
V;. We must check that it is self-financing. Now 


dV, = Bd V, + V,d B; (integration by parts) 
= BddS;+V,dB,; (equation (5.6)) 
= Bhd, + (Yı + %5, ) dB, 


= Qr (8,45, + 5, Br) + Wd B; 
= dS;,+ WdB; (integration by parts) 


and so the change in value of the portfolio over any infinitesimal time interval is due 
to changes in asset prices. That is we have the self-financing property and {V;};>0 is 
indeed tradable. 

What about the other way round? Suppose that {B, l Vi}t>0 were not a 
(Q, {Fs } 1>0) -martingale. Then there would have to be times s < T such that with 
positive probability 


Biv, #82 [B v3], 


Suppose that {V;};>0 were tradable. We can construct a process {U;};>0 by setting 


U, = BE? | B7'vr| FF]. 


~ 


Since {B7 U, }>0 isa (Q, {FS} >0)-martingale, we know that {U;};>0 is tradable. 
That is we have two tradables that take the same value at time 7, but with positive 
probability take different values at an earlier time s. Exercise 21 shows that in the 
absence of arbitrage this is a contradiction. So if {B, 1 V; }r>0 is not a martingale, 
then {V;};>0 is not a tradable. - 

Of course, since interest rates are deterministic, FS = F$ and so we have proved 
the following lemma. 


Lemma 5.6.1 Given a riskless cash bond {B;}1>0 and a tradable asset {S;}1>0, 
a process {V;}:>0 represents a tradable asset if and only if the discounted value 
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{B;! Vi }r>0 is a (Q, {F3};>0)-martingale where Q is the measure under which the 
discounted asset price {B;! St}r>0 is a martingale. 


Suppose that we have two tradable risky securities {S}i>0 and {S7} x0 in a single 
Black-Scholes market — that is they are both functions of the same Brownian motion. 
We define them both via their stochastic differential equations, 


dS! = p;Sidt + o,SidW;. 


In order for both to be tradable, Lemma 5.6.1 tells us that they must both be 
martingales with respect to the same measure Q. Assuming that B; = e"! we must 


have that 
x=w+ (4); 
Oj 


is a Q-Brownian motion for i = 1, 2. This can only be the case if 


Mir H2 =F 


oO! 02 


Economists attach a meaning to this quantity. If we think of u as the rate of growth 
of the tradable, r as the rate of growth of the riskless bond and o as a measure of the 
risk of the asset, then 
ur 
o 
is the excess rate of return (above the risk-free rate) per unit of risk. As such, it is 
often called the market price of risk. It is also known as the Sharpe ratio. In such 
a simple market, every tradable asset should have the same market price of risk, 


y = 


otherwise there would be arbitrage opportunities. 

Of course, y is precisely the change of drift in the underlying Brownian motion 
when we change measure from P (the market measure) to Q (the martingale 
measure). However, this appealing economic interpretation of y does not provide 
a new argument for using Q. It is replication that makes the Black-Scholes analysis 
work. Without a replicating portfolio our arbitrage arguments collapse. 


Exercises 


Suppose that an asset price S; is such that dS; = uSrdt + o Std W;, where {W;}r>0 
is, as usual, standard P-Brownian motion. Let r denote the risk-free interest rate. The 
price of a riskless asset then follows dB, = r B;dt. We write {Y7, ¢;} for the portfolio 
consisting of y, units of the riskless asset B, and ¢; units of S, at time t. For each 
of the following choices of ¢,, find y; so that the portfolio {w;, r} is self-financing. 
(Recall that the value of the portfolio at time t is V, = yB, + rS, and that the 
portfolio is self-financing if dV, = Yrd B; + prd S+.) 


(a) d = 1, 


b) pı = fo Sudu, 
(c) ot = Sr. 
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Let {F;}:>0 be the natural filtration associated with a P-Brownian motion {W;};>0. 
Show that if Q is a probability measure equivalent to P and Hr is an Fr-measurable 
random variable with EQ [HF] < oo then 


M, £ EÈ [Hr] F] 


defines a square-integrable Q-martingale. 
Show that, in the notation of Example 5.2.2, the Black-Scholes price at time t of a 
European put option with strike K and maturity T is F(t, S+) where 


F(t, x) = Ke"? ®(—dp) — x®(—d)). 


Suppose that the value of a European call option can be expressed as V, = F(t, S;) 
(as we prove in Proposition 5.2.3). Then V; = e~"'V;, and we may define F by 


V, = Fit, $). 


Under the risk-neutral measure, the discounted asset price follows d Š, = oS,dX re 
where (under this probability measure) {X;};>0 is a standard Brownian motion. 


(a) Find the stochastic differential equation satisfied by F (t, S,). 
(b) Using the fact that V; is a martingale under the risk-neutral measure, find the 
partial differential equation satisfied by F (t, x), and hence show that 
OF 1 3? F OF 
+ -02x2 


F=0. 
ot 2 x a Bx Í 


This is the Black-Scholes equation. 


Delta hedging The following derivation of the Black-Scholes equation is very 
popular in the finance literature. We will suppose, as usual, that an asset price follows 
a geometric Brownian motion. That is, there are parameters u, o, such that 


dS; = uSdt + o S;dW;. 


Suppose that we are trying to value a European option based on this asset. Let 
us denote the value of the option at time ¢ by V(t, S;). We know that at time T, 
V(T, Sr) = f (Sr), for some function f. 


(a) Using It6’s formula express V as the solution to a stochastic differential equation. 

(b) Suppose that a portfolio, whose value we denote by zr, consists of one option 
and a (negative) quantity —ô of the asset. Assuming that the portfolio is self- 
financing, find the stochastic differential equation satisfied by z. 

(c) Find the value of 6 for which the portfolio you have constructed is ‘instanta- 
neously riskless’, that is for which the stochastic term vanishes. 

(d) An instantaneously riskless portfolio must have the same rate of return as 
the risk-free interest rate. Use this observation to find a (deterministic) partial 
differential equation for the V (t,x). Notice that this is the Black-Scholes 
equation obtained in Exercise 4. 
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Of course ô is precisely the stock holding in our replicating portfolio. In fact 
this derivation is not entirely satisfactory as it can be checked that the portfolio 
that we have constructed is not self-financing, violating our assumption in (b). 
A rigorous approach requires a portfolio consisting of one option, —ô assets and 
e™™ (V(t, St) — 5S;) cash bonds at time t. 


Calculate the values of the Greeks for a European call option with strike price K at 
maturity time T. 


An alternative approach to solving the Black-Scholes equation is to transform it via a 
change of variables into the heat equation. Suppose that F(t, x) : [0, T] x [0, «) > 
R satisfies 


OF 1 3? F OF 
zy É x) + gat x) + Roce x)—rF(t,x) =0, 


subject to the boundary conditions 


F(t,0) =0, 


F(t, x) 
—— > lax—> œ, F(T,x)=(x— K)+. 
x 


That is F solves the Black-Scholes equation with the boundary conditions appropri- 
ate for pricing a European call option with strike price K at time T. 


(a) Show that the change of variables 


y 2T 
x= Ke’, t=T- F = Kv(t,y) 
results in the equation 
a a? a 1 
Lay = S(t, yk- Dr, y) kolt, y), yeER, te l|o0, -0T |, 
OT dy? dy 2 
where k = 2r/o7 and v(0, y) = (e” — 1)4. 
(b) Now set v(t, y) = e® +P u(t, y). Find a and B such that 

ou 3u 

PTSS ’ SS a ’ ` € R, 

z ED ay? (t,y), y 


and find the corresponding initial condition for u. 
(c) Solve for u and retrace your steps to obtain the Black-Scholes pricing formula 
for a European call option. 


Show that, for each constant A, V(t,x) = Ax and V(t,x) = Ae” are both exact 
solutions of the Black-Scholes differential equation. What do they represent and 
what is the hedging portfolio in each case? 


Find the most general solution of the Black-Scholes equation that has the special 
form 


(a) Vit, x) = VQ), 
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(b) V(t, x) = fg). 


These are examples of similarity solutions. The solutions in (a) give prices of 
perpetual options. 


Let C(t, S+) and P(t, S+) denote the values of a European call and put option with the 
same exercise price, K, and expiry time, T. Show that C(t, x) — P(t, x) also satisfies 
the Black-Scholes equation with the final data C (T, x) — P(T, x) = x — K. Deduce 
that x — Ke~"7—9 is also a solution of the Black-Scholes equation. Interpret these 
results financially. 


Assuming the model of §5.3, find the Black-Scholes price for a Sterling call option 
that gives us the right to buy a pound Sterling at time T for K dollars. What is the 
corresponding hedging portfolio? 


Check that the Sterling and dollar investors of §5.3 use exactly the same replicating 
strategy. 


Suppose that the US dollar/Japanese Yen exchange rate follows the stochastic 
differential equation 
dS; = uSdt + o Sid W, 


for some constants u and o. You are told that the expected $/¥and ¥/$ exchange 
rates in one years time are both 2So. Is this possible? 


In our usual notation suppose that an asset price follows geometric Brownian motion 
with S$ = Soexp(vt+oW,) at time t. If in each infinitesimal time interval the 
asset pays to its holder a dividend of ôS;dt, find an expression for the fair price in a 
forward contract based on the stock with maturity time T. What is the corresponding 
hedging portfolio? 


What is the ‘put—call parity’ relation for the market in Exercise 14? 


Suppose that in valuing the contract in Example 5.4.2 we had failed to take account 
of the dividend stream from the constituent stocks of the FTSE. Find a financial 
argument to indicate whether the price obtained for the contract will be too high or 
too low. Find the exact value that we would have obtained for the contract. 


Suppose that V, is the value of a self-financing portfolio consisting of ¢; units of 
stock that pays periodic dividends, as in $5.4, and yw; units of cash bond. Find 
the differential equation that characterises the self-financing property of V; in this 
setting. 


Find a portfolio that replicates the forward of Example 5.4.3. 


Value and hedge a European call option with maturity T and strike K based on the 
periodic dividend-paying stock of §5.4. Express your answer in terms of the usual 
Black-Scholes formula evaluated on the forward price of equation (5.5). 


Check the forward price and the value of a call option claimed in §5.5 and find the 
corresponding self-financing replicating portfolios. 
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Show that if two tradable assets have the same value at time 7, but with positive 
probability take different values at time s < T, then there are arbitrage opportunities 
in the market. 


6 Different payoffs 


Summary 


Most of the concrete examples of options considered so far have been the standard 
examples of calls and puts. Such options have liquid markets, their prices are fairly 
well determined and margins are competitive. Any option that is not one of these 
vanilla calls or puts is called an exotic option. Such options are introduced to extend 
a bank’s product range or to meet hedging and speculative needs of clients. There 
are usually no markets in these options and they are bought and sold purely ‘over the 
counter’. Although the principles of pricing and hedging exotics are exactly the same 
as for vanillas, risk management requires care. Not only are these exotic products 
much less liquid than standard options, but they often have discontinuous payoffs 
and so can have huge ‘deltas’ close to the expiry time making them difficult to hedge. 

This chapter is devoted to examples of exotic options. The simplest exotics to 
price and hedge are packages, that is, options for which the payoff is a combination 
of our standard ‘vanilla’ options and the underlying asset. We already encountered 
such options in §1.1. We relegate their valuation to the exercises. The next simplest 
examples are European options, meaning options whose payoff is a function of the 
stock price at the maturity time. The payoffs considered in §6.1 are discontinuous 
and we discover potential hedging problems. In 86.2 we turn our attention to 
multistage options. Such options allow decisions to be made or stipulate conditions 
at intermediate dates during their lifetime. The rest of the chapter is devoted to 
path-dependent options. In §6.3 we use our work of §3.3 to price lookback and 
barrier options. Asian options, whose payoff depends on the average of the stock 
price over the lifetime of the option, are discussed briefly in §6.4 and finally §6.5 is 
a very swift introduction to pricing American options in continuous time. 


European options with discontinuous payoffs 


We work in the basic Black-Scholes framework. That is, our market consists of a 
riskless cash bond whose value at time t is B, = e” and a single risky asset whose 
price, {S;}:+0, follows a geometric Brownian motion. 

In §5.2 we established explicit formulae for both the price and the hedging 
portfolio for European options within this framework. Specifically, if the payoff of 
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the option at the maturity time T is Cr = f (Sr) then for 0 < t < T the value of the 
option at time f is 


Vi = FOS) = P| p(S7)|F:| 


oo o2 
ar) f f (s exp ((: — T) (T-t)+ ovT=i)) 


1 y? 
(7) (6.1) 


where Q is the martingale measure, and the claim f (Sr) can be replicated by a 
portfolio consisting at time t of ¢; units of stock and yy = e™™ (V; — or Sr) cash 
bonds where 


x 


oF 
od = —(t, x) 
x 


5 (6.2) 


x=S; 


Mathematically, other than the issue of actually evaluating the integrals, that would 
appear to be the end of the story. However, as we shall see, rather more careful 
consideration of our assumptions might lead us to doubt the usefulness of these 
formulae when the payoff is a discontinuous function of Sv. 


Digitalsand Example 6.1.1 (Digital options) The payoff of a digital option, also sometimes 
pin risk called a binary option or a cash-or-nothing option, is given by a Heaviside function. 
For example, a digital call option with strike price K at time T has payoff 


crali YSK, 
tT | 0 ifSr<K 


at maturity. Find the price and the hedge for such an option. 


Solution: In order to implement the formula (6.1) we must establish the range of y 
for which 


2 
S; exp ((: E T)ar —t)+toyVT — i) > K. 
Rearranging we see that this holds for y > d where 


= es (e(§) ( ser D). 


Writing ® for the normal distribution function and substituting in equation (6.1) we 
obtain 


V = e”) f 2a e=) ay = eT T-) Zz ao e=” 2dy 
d 20 -œ V2 


eT -).@(=d) = eT) ð(d), 


141 


6.2 MULTISTAGE OPTIONS 


eae lo (F)+(--F)e-o 
2= = ("e| k ; 


as in Example 5.2.2. 
Now we turn to the hedge. By (6.2), the stock holding in our replicating portfolio 
at time f is 


where 


ġe = peol 
S, Jin — Do 


1 S; o? : 
x exp UT — po (108( =) + (-- ~)q-n) ; 


Now as t î T, this converges to 1/K times the delta function concentrated on Sr = 
K. Consider what this means for the replicating portfolio as t + T. Away from S; = 
K, ¢; is close to zero, but if S; is close to K the stock holding in the portfolio will be 
very large. Now if near expiry the asset price is close to K, there is a high probability 


that its value will cross the value $; = K many times before expiry. But if the asset 
price oscillates around the strike price close to expiry our prescription for the hedging 
portfolio will tell us to rapidly buy and sell large numbers of the underlying asset. 
Since markets are not the perfect objects envisaged in our Black-Scholes model and 
we cannot instantaneously buy and sell, risk from small asset price changes (not to 
mention transaction costs) can easily outweigh the maximum liability that we are 
exposed to by having sold the digital. This is known as the pin risk associated with 
the option. 


If we can overcome our misgivings about the validity of the Black-Scholes price 
for digitals, then we can use them as building blocks for other exotics. Indeed, since 
the option with payoff 1(x,,x,)(S7) at time T can be replicated by buying a digital 
with strike K2 and maturity T and selling a digital with strike Kı and maturity T, 
in theory we could price any European option by replicating it by (possibly infinite) 
linear combinations of digitals. 


Multistage options 


Some options either allow decisions to be made or stipulate conditions at intermedi- 
ate dates during their lifetime. An example is the forward start option of Exercise 3 
of Chapter 2. To illustrate the procedure for valuation of multistage options, we find 
the Black-Scholes price of a forward start. 


Example 6.2.1 (Forward start option) Recall that a forward start option is a con- 
tract in which the holder receives, at time To, at no extra cost, an option with 
expiry date Ti > To and strike price equal to Sr. If the risk-free rate is r find 
the Black-Scholes price, V;, of such an option at times t < T). 
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Solution: First suppose that £ € [To, Tı]. Then by time t we know Sr} and so the 
value of the option is just that of a European call option with strike $7, and maturity 
Tı, namely 


V; = eT OE (7, — Sm), | Fi], 
where Q is a probability measure under which the discounted price of the underlying 
is a martingale. In particular, at time Tọ, using Example 5.2.2, 


VR = St) ® (di) — Sne” O & (da) 


where 


fee (r+) (Tı — To) ae (r-3) T 


os Ti — To os Ti — To 


In other words 


Vn = St le ((: + =) a=) e-o ((: 7 =) v=) 


o 


= cSt 


where c = c(r, o, To, Ti) is independent of the asset price. 

To find the price at time t < Tọ, observe that the portfolio consisting of c units of 
the underlying over the time interval 0 < t < Tp exactly replicates the option at time 
To. Thus for t < Tọ, the price is given by cS;. In particular, the time zero price of the 
option is 


w=sfo((r+5) y mm) eT- @ ((: =) vat) 


2 oO 2 oO 


Notice that, in order to price the forward start option, we worked our way back from 
time Tı. This reflects a general strategy. For a multistage option with maturity Tı and 
conditions stipulated at an intermediate time To, we invoke the following procedure. 


Valuing multistage options: 

1 Find the payoff at time 7). 

2 Use Black-Scholes to value the option for t € [Tọ, Tı]. 
3 Apply the contract conditions at time Tọ. 

4 Use Black-Scholes to value the option for t € [0, To]. 


We put this into action for two more examples. 


Example 6.2.2 (Ratio derivative) A ratio derivative can be described as follows. 
Two times 0 < To < T; are fixed. The derivative matures at time T; when its payoff 
is Sp, /Sty. Find the value of the option at times t < T). 
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Solution: First suppose that t € [To, Tı]. At such times S7, is known and so 


ms g2 | er Sp, |] 
ST i 
where, under Q, the discounted asset price is a martingale. Hence V; = S;/S7p. 


In particular, V7, = 1. Evidently the value of the option for £ < Tọ is therefore 
ear (To-t). 


Both forward start options and ratio derivatives, in which the strike price is set to be 
a function of the stock price at some intermediate time Tọ, are examples of cliquets. 


A rather more complex class of examples is provided by the compound options. 
These are ‘options on options’, that is options in which the rôle of the underlying is 
itself played by an option. There are four basic types of compound option: call-on- 
call, call-on-put, put-on-call and put-on-put. 


Example 6.2.3 (Call-on-call option) To describe the call-on-call option we must 
specify two exercise prices, Ky and Kı, and two maturity times Ty < Ti. The 
‘underlying’ option is a European call with strike price Kı and maturity Tı. The 
call-on-call contract gives the holder the right to buy the underlying option for price 
Ko at time To. Find the value of such an option for t < To. 


Solution: We know how to price the underlying call. Its value at time Tọ is given by 
the Black-Scholes formula as 


C (St, To; Kı, Tı) = SË (dı (Sm, Ti — Tọ, Kı)) 
— Koe T-T) ® (d (Sty, Tı — To, Kı)) 
where 


S 2 
Z)+O +Z) - T) 


o/T; — To 


and d2 (Sto, Tı — To, Kı) = dı (Sno Ti — To, Kı) —o/T, — To. The value of the 
compound option at time Tọ is then 


log ( 
dı (Sip, Ti — To, K1) = 


V (To, ST) = (c (St, To; Ky, Tı) = Ko), : 


Now we apply Black-Scholes again. The value of the option at times t < Tọ is 


V(t, Si) = eE [ (cis. To, Ki, Ti) — Ko), | | (6.3) 


where the discounted asset price is a martingale under Q. Using that 


1 
ST, = s,exp (02 To— t + (-- 50°) Ty -) ; 
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where, under Q, Z ~ N(O, 1), equation (6.3) now gives an analytic expression for the 
value in terms of the cumulative distribution function of a bivariate normal random 
variable. We write 


1 
f(y) = Soexp (> Ty —t + (« - z) - n) 
and define xo implicitly by 


xo = inf {y € R: C(f (y), To; K1, T1) = Ko}. 


S 1 


and so writing 


x = log(So/K1) + oyVTo -t + rT — 0° T + 50°T 


Now 


d 
a aJi Ts 
and 
F eres log(So/K1) toy/To —t +rT, — 50°T| 
cs os Ti — To 
we obtain 
OO 
VE, S) = e0 if (£09 @i()) = Koo  (da(y)) = Ko) 


x0 
1 2 
x——e™ dy. 
J 2 ? 


Lookbacks and barriers 


We now turn to our first example of path-dependent options, that is options for which 
the history of the asset price over the duration of the contract determines the payout 
at expiry. 

As usual we use {S;}o<;<r to denote the price of the underlying asset over the 
duration of the contract. In this section we shall consider options whose payoff at 
maturity depends on Sy and one or both of the maximum and minimum values taken 
by the asset price over [0, T]. 


Notation: We write 
S(t) = min {S :O0<u <t}, 


S*(t) = max {Su :0 <u <t}. 


145 


Joint 
distribution 
of the stock 
price and its 
minimum 


6.3 LOOKBACKS AND BARRIERS 


Definition 6.3.1 (Lookback call) A lookback call gives the holder the right to buy 
a unit of stock at time T for a price equal to the minimum achieved by the stock up 
to time T. That is the payoff is 


Cr = Sr — S(T). 


Definition 6.3.2 (Barrier options) A barrier option is one that is activated or 
deactivated if the asset price crosses a preset barrier. There are two basic types: 


knock-ins 


(a) the barrier is up-and-in if the option is only active if the barrier is hit from below, 
(b) the barrier is down-and-in if the option is only active if the barrier is hit from 
above; 


knock-outs 


(a) the barrier is up-and-out if the option is worthless if the barrier is hit from below, 
(b) the barrier is down-and-out if the option is worthless if the barrier is hit from 
above. 


Example 6.3.3 A down-and-in call option pays out (Sr — K)+ only if the stock 
price fell below some preagreed level c some time before T, otherwise it is worthless. 
That is, the payoff is 

Cr = \s,(r)<c}(Sr — K)+. 


As always we can express the value of such an option as a discounted expected value 
under the martingale measure Q. Thus the value at time zero can be written as 


V(O, So) = e "TEL [C7] (6.4) 


where r is the riskless borrowing rate and the discounted stock price is a Q- 
martingale. However, in order to actually evaluate the expectation in (6.4) for barrier 
options we need to know the joint distribution of (Sr, S(T )) and (S7, S*(T)) under 
the martingale measure Q. Fortunately we did most of the work in Chapter 3. 


In Lemma 3.3.4 we found the joint distribution of Brownian motion and its 
maximum. Specifically, if {W;};>ọ is a standard P-Brownian motion, writing M, = 
maxo<s<; Ws, fora > Oandx <a 


Ia — 
PIM, >a, W <x]=1-0/ 5), 


By symmetry, writing m; = mino<s<t Ws, fora < 0 and x > a, 


—2 
Pim saw za=1-0( 2H), 
Jt 


or, differentiating, ifa < 0 and x >a 


P[mr <a, Wr € dx] = pr(0,—2a + x)dx = pr(2a, x)dx 
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where 


alt,y) = as exp (—Ix— yl?/2r). 
Combining these results with (two applications of) the Girsanov Theorem will allow 
us to calculate the joint distribution of (Sr, S*(T)) and of (Sr, S,(T)) under the 
martingale measure Q. 
As usual, under the market measure P, 


S, = So exp (vt + 0o W,) 


where {W;};>0 is a P-Brownian motion. Let us suppose, temporarily, that v = 0 
so that $ = Sgexp(oW,) and moreover S(t) = Sogexp(om;) and S*(t) = 
So exp(o M;). In this special case then the joint distribution of the stock price and its 
minimum (resp. maximum) can be deduced from that of (W;, m+) (resp. (W;, M;)). 
Of course, in general, v will not be zero either under the market measure P or under 
the martingale measure Q. Our strategy will be to use the Girsanov Theorem not only 
to switch to the martingale measure but also to switch, temporarily, to an equivalent 
measure under which S; = So exp(o W;). 


Lemma 6.3.4 Let {Y;}r>0 be given by Y, = bt + X; where b is a constant and 
{Xi }r>0 is a Q-Brownian motion. Writing Y,(t) = min{Y, :0 <u < t}, 
Pr (bT, x)dx ifx <a, 


Y,(T) <a, Yr € dx] = 
QD) < a, Yr a | e” nr (2a + bT, x)dx ifx >a, 


where, as above, p;(x, y) is the Brownian transition density function. 


Proof: By the Girsanov Theorem, there is a measure P, equivalent to Q, under which 
{Y;}:>0 is a P-Brownian motion and 
dP 


1 
—| =exp (-oxr — =r) i 
dQIF, 2 


Notice that this depends on {X;}o<;<7 only through Xr. The Q-probability of the 
event {Y,(T) < a, Yr € dx} will be the P-probability of that event multiplied by 
“4 |z evaluated at Yr = x. Now 


d 1 1 
n = exp 6x7 + eT) = exp( byr — 30T) 


and so fora < 0 and x > a 
1 
Q[Y.(T) <a, Yr €dx] = P[Y,(T)<a,Yre dx1exp( ba = zT) 


1 
= pr(2a, x) exp( ba = Hr Jax 


e?’ np (2a + bT, x)dx. (6.5) 
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Evidently for x < a, {Y,(T) < a, Yr € dx} = {Yr € dx} and so for x <a 


QIY(T) <a, Yr edx] = Q[Yr € dx] 
= Q[bT+ Xr € dx] 
pr(bT, x)dx 


and the proof is complete. 


Differentiating (6.5) with respect to a, we see that, in terms of joint densities, for 
a<0 


2ab 


QLY.(T) € da, Yr € dx] = 7 


|x — 2a|pr (2a + bT, x)dxda forx >a. 


The joint density evidently vanishes if x < a or a > 0. In Exercise 13 you are asked 
to find the joint distribution of Yr and Y*(T) under Q. 


From Chapter 5, under the martingale measure Q, S; = So exp (o Y;) where 


E2 
r— 50 
T 


t+ X; 

and {X;};>0 is a Q-Brownian motion. So by applying these results with b = (r — 
50°) /o we can now evaluate the price of any option maturing at time T whose 
payoff depends just on the stock price at time T and its minimum (or maximum) 
value over the lifetime of the contract. If the payoff is Cr = (S(T), Sr) and r is 
the riskless borrowing rate then the value of the option at time zero is 


VO, So) = eT E®[g (S(T), Sr)] 


0 oo 
= e | I g (Soe**, Soe”) QIY: (T) € da, Yr € dx]. 
a=—00 Jx=a 


Example 6.3.5 (Down-and-in call option) Find the time zero price of a down-and- 
in call option whose payoff at time T is 


Cr = lis T< (Sr — K)4 


where c is a (positive) preagreed constant less than K. 


Solution: Using S; = So exp(o Y;) we rewrite the payoff as 


y; 
Cr = Liy (ry <1 tog(e/S)} (Soe” = K) 


Writing b = (r — 40°)/o, a = + log(c/So) and xo = + log(K / So) we obtain 


V (0, So) = grt ee (Soe** — K) Q (Y(T) <a, Yr € dx). 


x0 
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Using the expression for the joint distribution of (Y,.(T), Yr) obtained above yields 


0O 
V (0, So) =e" / (Soe? — K) ° pr (2a + bT, x)dx. 


x0 


We have used the fact that, since c < K, xo > a. First observe that 


1 
ae Ke pp (2a + bT, x)dx = Ke" e 2 ey 
xo (xp—2a—bT)/VT ~ 20 


Lakai QatbT—x0)/VT 1 zn 
= Kee a e°? '“dy 
(00) J 2 


2r 


Aoa o (2H) 
VT 
a 1 (ee a 


oV/T 


where F = eT c*/So. 
Similarly, 


CO 
err | Soe?* e? pr (2a + bT, x)dx 
x0 


— Gye tT e2ab (x — (2a + bT)? — 20xT 


1 2 
= a e? dy 
(xo—Qa+bT)—oT)/VTF S20 


1 
x exp (30T + 2ao + bo r) 


= C yo log(F/K) + 402T 
Fo 
So oVT 


Comparing this with Example 5.2.2 


c 5-1 c? 
VO, So) = | — C{—,0;K,T], 
(0, So) (<) s 


where C(x, t; K,T) is the price at time t of a European call option with strike K 
and maturity T if the stock price at time ¢ is x. 


The price of a barrier option can also be expressed as the solution of a partial 
differential equation. 


Example 6.3.6 (Down-and-out call) A down-and-out call has the same payoff as 
a European call option, (Sr — K)+, unless during the lifetime of the contract the 
price of the underlying asset has fallen below some preagreed barrier, c, in which 
case the option is ‘knocked out’ worthless. 
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Writing V (t, x) for the value of such an option at time t if S = x and assuming 
that K > c, V(t, x) solves the Black-Scholes equation for (t, x) € [0, T] x [c, œ) 
subject to the boundary conditions 

V(T, Sr) = (Sr — K)+, 
V(t,c) = 0, zże[0,T], 
Vit, x) 
x 
The last boundary condition follows since as $, — ov, the probability of the asset 
price hitting level c before time T tends to zero. 

Exercise 16 provides a method for solving the Black-Scholes partial differential 
equation with these boundary conditions. 

Of course more and more complicated barrier options can be dreamt up. For ex- 
ample, a double knock-out option is worthless if the stock price leaves some interval 
[c1, c2] during the lifetime of the contract. The probabilistic pricing formula for such 
a contract then requires the joint distribution of the triple (Sr, S(T), S*(7)). As in 
the case of a single barrier, the trick is to use Girsanov’s Theorem to deduce the joint 
distribution from that of (Wr, mr, Mr) where {W;};>0 is a P-Brownian motion and 
{mr}r>0, {Mr}r>0 are its running minimum and maximum respectively. This in turn 
is given by 


P[Wr € dy,a < mr, Mr <b] = ) | prQn(a—b), »)—pn(b—a), y—2a)} dy: 
neZ 


see Freedman (1971) for a proof. An explicit pricing formula will then be in the form 
of an infinite sum. In Exercise 20 you obtain the pricing formula by directly solving 
the Black-Scholes differential equation. 


—> l, asx> œ. 


As we have seen in Exercise 7 of Chapter 5 and we see again in the exercises at 
the end of this chapter, the Black-Scholes partial differential equation can be solved 
by first transforming it to the heat equation (with appropriate boundary conditions). 
This is entirely parallel to our probabilistic technique of transforming the expectation 
price to an expectation of a function of Brownian motion. 


Asian options 


The payoff of an Asian option is a function of the average of the asset price over the 
lifetime of the contract. For example, the payoff of an Asian call with strike price K 


and maturity time T is 
1 T 
Cr=|> Sdt—K) . 
j (Ff ), 


Evidently Cr € Fr and so our Black-Scholes analysis of Chapter 5 gives the value 
of such an option at time zero as 


T 
Vo = EL [e va GS sidr- K) |: (6.6) 
T Jo 4 
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However, evaluation of this integral is a highly non-trivial matter and we do not 
obtain the nice explicit formulae of the previous sections. 
There are many variants on this theme. For example, we might want to value a 


claim with payoff 
1 T 
Cr = f (sr. zÍ sar) . 
T Jo 


In §7.2 we shall develop the technology to express the price of such claims (and 
indeed slightly more complex claims) as solutions to a multidimensional version of 
the Black-Scholes equation. Moreover (see Exercise 12 of Chapter 7) one can also 
find an explicit expression for the hedging portfolio in terms of the solution to this 
equation. However, multidimensional versions of the Black-Scholes equation are 
much harder to solve than their one-dimensional counterpart and generally one must 
resort to numerical techniques. 

The main difficulty with evaluating (6.6) directly is that, although there are 
explicit formulae for all the moments of the average process + i S;dt, in contrast 
to the lognormal distribution of Sr, we do not have an expression for the distribution 
function. A number of approaches have been suggested to overcome this, including 
simply approximating the distribution of the average process by a lognormal distri- 
bution with suitably chosen parameters. 

A very natural approach is to replace the continuous average by a discrete 
analogue obtained by sampling the price of the process at agreed times t1, ... , tn 
and averaging the result. This also makes sense from a practical point of view as 
calculating the continuous average for a real asset can be a difficult process. Many 
contracts actually specify that the average be calculated from such a discrete sample 
— for example from daily closing prices. Mathematically, the continuous average 
$ H Sdt is replaced by 1 >, Sy. Options based on a discrete sample can be 
treated in the same way as multistage options, although evaluation of the price rapidly 
becomes impractical (see Exercise 21). 

A further approximation is to replace the arithmetic average by a geometric 
average. That is, in place of 1 yy, Sy we consider (Mi Sa)” ”. This quantity 
has a lognormal distribution (Exercise 22) and so the corresponding approximate 
pricing formula for the Asian option can be evaluated exactly. (You are asked to find 
the pricing formula for an Asian call option based on a continuous version of the 
geometric average in Exercise 23.) Of course the arithmetic mean of a collection of 
positive numbers always dominates their geometric mean and so it is no surprise that 
this approximation consistently under-prices the Asian call option. 


American options 


A full treatment of American options is beyond our scope here. Explicit formulae 
for the prices of American options only exist in a few special cases and so one must 
employ numerical techniques. One approach is to use our discrete (binomial tree) 
models of Chapter 2. An alternative is to reformulate the price as a solution to a 
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6.5 AMERICAN OPTIONS 


partial differential equation. We do not give a rigorous derivation of this equation, 
but instead we use the results of Chapter 2 to give a heuristic explanation of its form. 


AS we saw in Chapter 2, the price of an American call option on non-dividend-paying 
stock is the same as that of a European call and so we concentrate on the American 
put. This option gives the holder the right to buy one unit of stock for price K at any 
time before the maturity time T. 

As we illustrated in §2.2, in our discrete time model, if V (n, Sn) is the value of 
the option at time nôt given that the asset price at time nôt is S, then 


Vn, Sn) = max |(K — Sn)4,E° [eV (0 + 1, S41) Fa]} , 


where Q is the martingale measure. In particular, V (n, Sn) > (K — Sn)+ everywhere. 
We saw that for each fixed n the possible values of S, are separated into two ranges 
by a boundary value that we shall denote by Sy(n): if Sn > S y(n) then it is 
optimal to hold the option whereas if S$, < Sp(n) it is optimal to exercise. We call 
{S¢ (2) }o<n<w the exercise boundary. 

In Example 2.4.7 we found a characterisation of the exercise boundary. We 
showed that the discounted option price can be written as V, = Mn — Än where 
{Mn}o<n< N is a Q-martingale and {An}o<n< N is a non-decreasing predictable 
process. The option is exercised at the first time nôt when Age 1 Æ 0. In summary, 
within the exercise region Ayia # 0 and V, = (K — Sn)+, whereas away from the 
exercise region, that is when S, > Sp (n), Vin, Sn) = Mn. 

The strategy of exercising the option at the first time when Ân41 # Ois optimal in 
the sense that if we write Zy for the set of all possible stopping times taking values 
in {0,1,... , N} then 


V(O, So) = sup E2[e7’* (K — Sz)4| Fo]. 


teTn 


Since the exercise time of any permissible strategy must be a stopping time, this 
says that as holder of the option one can’t do better by choosing any other exercise 
strategy. That this optimality characterises the fair price follows from a now familiar 
arbitrage argument that you are asked to provide in Exercise 24. 


Now suppose that we formally pass to the continuous limit as in §2.6. We expect 
that in the limit too V (t, S;) > (K — S;)4 everywhere and that for each t we can 
define S(t) so that if S, > S(t) it is optimal to hold on to the option, whereas if 
S, < Sp(t) it is optimal to exercise. In the exercise region V(t, S,) = (K — S;)+ 
whereas away from the exercise region V(t, S;) = M, where the discounted process 
{My }o<r<T is a Q-martingale and Q is the measure, equivalent to P, under which 
the discounted stock price is a martingale. Since {My }o<t<r can be thought of as 
the discounted value of a European option, this tells us that away from the exercise 
region, V(t, x) must satisfy the Black-Scholes differential equation. 

We guess then that for {(t,x) : x > S,(¢)} the price V(t, x) must satisfy the 
Black-Scholes equation whereas outside this region V(t,x) = (K — x). This 
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can be extended to a characterisation of V(t, x) if we specify appropriate boundary 
conditions on Spf. This is complicated by the fact that S p(t) is a free boundary — we 
don’t know its location a priori. 

An arbitrage argument (Exercise 25) says that the price of an American put option 
should be continuous. We have checked already that V(t, Sf (t)) = (K — S¢(¢))+. 
Since it is clearly not optimal to exercise at a time t < T if the value of the option is 
zero, in fact we have V(t, Sf(t)) = K — S(t). Let us suppose now that V (t, x) is 
continuously differentiable with respect to x as we cross the exercise boundary (we 
shall omit the proof of this). Then, since 


Vit,x)=(K —x) forx < Sp and 
V(t,x)> (K—x) forx > Sp, 


we must have that at the exercise boundary mw > —1. Suppose that y > —l at 
some point of the exercise boundary. Then by reducing the value of the stock price at 
which we choose to exercise from Sp to S * we can actually increase the value of the 
option at (t, S¢(¢)). This contradicts the couinnaltty of our exercise strategy. It must 
be that <— av = — l at the exercise boundary. 

We can now fully characterise V(t, x) as a solution to a free boundary value 


problem: 


Proposition 6.5.1 (The value of an American put) We write V (t, x) for the value of 
an American put option with strike price K and maturity time T and r for the riskless 
borrowing rate. V(t, x) can be characterised as follows. For each time t € [0, T] 
there is a number S(t) € (0, 00) such that for O < x < Sf(t)andO0 <t <T, 

ƏV 1 338V aV 


V(t,x)=K-—x and a + 50 x ax? Ta rV <0. 


Fort € [0, T] and Sf (t) < x < œ 


əV l ə? V ƏV 
v(t, K — d + 50?x? + V=0. 
(t,x) > ( x), an F 3? J rx Sz r 
The boundary conditions at x = Sş(t) are that the option price process is 


continuously differentiable with respect to x, is continuous in time and 


ƏV 
V(t, S¢(t)) = (K — Sp(t))4, zE Sp(t)) = —1. 
In addition, V satisfies the terminal condition 
V (T, Sr) = (K — Sr)+. 


The free boundary problem of Proposition 6.5.1 is easier to analyse as a linear 
complementarity problem. If we use the notation 
Di lg 28° f af 


L = : 
BSÍ = t57 x 9x2 gree rf. 
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then the free boundary value problem can be restated as 
LesV (t, x) (V(t, x) — (K — x)+) = 0, 


subject to Lgs V (t, x) < 0, V(t, x)—(K—x)+ > 0, V (T, x) = (K—x)+, V (t, x) > 
œ as x > œ and V (t, x), Ye, x) are continuous. 

Notice that this reformulation has removed explicit dependence on the free 
boundary. Variational techniques can be applied to solve the problem and then 
the boundary is recovered from that solution. This is beyond our scope here. See 


Wilmott, Howison & Dewynne (1995) for more detail. 


We finish this chapter with one of the rare examples of an American option for which 
the price can be obtained explicitly. 


Example 6.5.2 (Perpetual American put) Find the value of a perpetual American 
put option on non-dividend-paying stock, that is a contract that the holder can choose 
to exercise at any time t in which case the payoff is (K — S;)+. 


Solution(s): We sketch two possible solutions to this problem, first via the free 
boundary problem of Proposition 6.5.1 and second via the expectation price. 

Since the time to expiry of the contract is always infinite, V (t, x) is a function of 
x alone and the exercise boundary must be of the form S(t) = @ for all t > 0 and 
some constant a. The option will be exercised as soon as S; < a. The Black-Scholes 
equation reduces to an ordinary differential equation: 

2 
1 sos dV dV 


5 x T +rx A rV =0, forall x € (a, ov). (6.7) 


The general solution to equation (6.7) is of the form v(x) = cyxt + cx” for some 
constants c1, C2, dı and d2. Fitting the boundary conditions 


dV 
V(a)=K-—a, lim—=-—1 and lim V(x) =0 
xa x—> 0 


dx 
gives 
2 —2 
væ =] K-a) (4) , xe @,00), 
(K — x), x € [0, a], 
where 
2ra 2K 
a= ———_.. 
2ro-2 +1 


An alternative approach to this problem would be to apply the results of $3.3. As we 
argued above, the option will be exercised when the stock price first hits level a for 
some a@ > 0. This means that the value will be of the form 


V0, So) = E? [e"™ (K —a),], 
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where ty = inf{t > 0: S; < a}. We rewrite this stopping time in terms of the time 
that it takes a Q-Brownian motion to hit a sloping line. Since 


1 
St = syexp ((r- 50°) tox) 


where {X;};>0 is a standard Brownian motion under the martingale measure Q, the 
event {S; < a} is the same as the event 


[os—(-be)r2m0(®)} 


The process {— X;};>0 is also a standard Q-Brownian motion and so, in the notation 
of §3.3, the time Tg is given by 7,,, with 


1 Si r— ło? 
a= 10 (~), b= ——. 


a 


We can then read off EQ [e7 ta] from Proposition 3.3.5 and maximise over œ to 
yield the result. 


Exercises 


Let Kı and K2 be fixed real numbers with 0 < Kı < K2. A collar option has payoff 
Cr = min{max{S7, Kı}, K2}. 


Find the Black-Scholes price for such an option. 


What is the maximum potential loss associated with taking the long position in a 
forward contract? And with taking the short position? 
Consider the derivative whose payoff at expiry to the holder of the long position is 


Cr =min{S7, F}— K, 


where F is the standard forward price for the underlying stock and K is a constant. 
Such a contract is constructed so as to have zero value at the time at which it is struck. 
Find an expression for the value of K that should be written into such a contract. 
What is the maximum potential loss for the holder of the long or short position now? 


The digital put option with strike K at time T has payoff 


Ge 0, Sr>K, 
art We Pee 


Find the Black-Scholes price for a digital put. What is the put—call parity for digital 
options? 
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Digital call option In Example 6.1.1 we calculated the price of a digital call. Here is 
an alternative approach: 


(a) Use the Feynman—Kac stochastic representation to find the partial differential 
equation satisfied by the value of a digital call with strike K and maturity T. 

(b) Show that the delta of a standard European call option solves the partial 
differential equation that you have found in (a). 

(c) Hence or otherwise solve the equation in (a) to find the value of the digital. 


An asset-or-nothing call option with strike K and maturity T has payoff 


Find the Black-Scholes price and hedge for such an option. What happens to the 
stock holding in the replicating portfolio if the asset price is near K at times close to 
T? Comment. 


Construct a portfolio consisting entirely of cash-or-nothing and asset-or-nothing 
options whose value at time T is exactly that of a European call option with strike K 
at maturity T. 


In §6.1 we have seen that for certain options with discontinuous payoffs at maturity, 
the stock holding in the replicating portfolio can oscillate wildly close to maturity. 
Do you see this phenomenon if the payoff is continuous? 


Pay-later option This option, also known as a contingent premium option, is a 
standard European option except that the buyer pays the premium only at maturity of 
the option and then only if the option is in the money. The premium is chosen so that 
the value of the option at time zero is zero. This option is equivalent to a portfolio 
consisting of one standard European call option with strike K and maturity T and 
—V digital call options with maturity T where V is the premium for the option. 


(a) What is the value of holding such a portfolio at time zero? 

(b) Find an expression for V. 

(c) If a speculator enters such a contract, what does this suggest about her market 
view? 


Ratchet option A two-leg ratchet call option can be described as follows. At time 
zero an initial strike price K is set. At time Tọ > 0 the strike is reset to Sr), the value 
of the underlying at time Tọ. At the maturity time T; > Tọ the holder receives the 
payoff of the call with strike Sy, plus Sr, — S if this is positive. That is, the payoff 
is (S7, — Sy)4+ + (Sm — K)+. 

If (S, — K) is positive, then the intermediate profit (S7) — K)+ is said to be ‘locked 
in’. Why? Value this option for 0 < t < T). 
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Chooser option A chooser option is specified by two strike prices, Ko and K1, and 
two maturity dates, Ty < Tı. At time Tọ the holder has the right to buy, for price Ko, 
either a call or a put with strike Kı and maturity 7). 

What is the value of the option at time Tọ? In the special case Kọ = O use put- 
call parity to express this as the sum of the value of a call and a put with suitably 
chosen strike prices and maturity dates and hence find the value of the option at time 
zero. 


Options on futures In our simple model where the riskless rate of borrowing is 
deterministic, forward and futures prices coincide. A European call option with strike 
price K and maturity Tọ written on an underlying futures contract with delivery date 
Tı > To delivers to the holder, at time Tọ, a long position in the futures contract and 
an amount of money (F (To, Ti) — K), where F (Tọ, Tı) is the value of the futures 
contract at time Tọ. Find the value of such an option at time zero. 


Use the method of Example 6.2.3 to find the value of a put-on-put option. 

By considering the portfolio obtained by buying one call-on-put and selling one 
put-on-put (with the same strikes and maturities) obtain a put—call parity relation 
for compound options. Hence write down prices for all four classes of compound 
option. 


Let {¥;:}:>0 be given by Y, = bt + X, where b is a constant and {X;};>0 is a Q- 
Brownian motion. Writing Y*(t) = max{Y, : 0 < u < t}, find the joint distribution 
of (Yr, Y*(T)) under Q. 


What is the value of a portfolio consisting of one down-and-in call and one down- 
and-out call with the same strike price and maturity? 


Find the value of a down-and-out call with barrier c and strike K at maturity T if 
c>K. 


One approach to finding the value of the down-and-out call of Example 6.3.6 is to 
express it as an expectation under the martingale measure and exploit our knowledge 
of the joint distribution of Brownian motion and its minimum. Alternatively one 
can solve the partial differential equation directly and that is the purpose of this 
exercise. 


(a) Use the method of Exercise 7 of Chapter 5 to transform the equation for the price 
into the heat equation. What are the boundary conditions for this heat equation? 

(b) Solve the heat equation that you have obtained using, for example, the ‘method 
of images’. (If you are unfamiliar with this technique, then try Wilmott, Howison 
& Dewynne (1995).) 


(c) Undo the transformation to obtain the solution to the partial differential equation. 
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An American cash-or-nothing call option can be exercised at any time t € [0, T]. If 
exercised at time ¢ its payoff is 


1 if S,>K, 
0 if S, <K. 


When will such an option be exercised? Find its value. 


Suppose that the down-and-in call option of Example 6.3.5 is modified so that if the 
option is never activated, that is the stock price never crosses the barrier, then the 
holder receives a rebate of Z. Find the price of this modified option. 


A perpetual option is one with no expiry time. For example, a perpetual American 
cash-or-nothing call option can be exercised at any time. If exercised at time f, its 
payoff is 1 if S, > K and Oif S, < K. What is the probability that such an option is 
never exercised? 


Formulate the price of a double knock-out call option as a solution to a partial dif- 
ferential equation with suitably chosen boundary conditions. Mimic your approach 
in Exercise 16 to see that this too leads to an expression for the price as an infinite 
sum. 


Calculate the value of an Asian call option, with strike price K, in which the average 
of the stock price is calculated on the basis of just two sampling times, O and T, 
where T is the maturity time of the contract. 

Find an expression for the value of the corresponding contract when there are three 
sampling times, 0, 7/2 and T. 


Suppose that {S;};>0 is a geometric Brownian motion under P. Let 0 < ti < h < 
+++ < t, be fixed times and define 


hi 1/n 
Gn = (f s,) ; 
i=1 


Show that G, has a lognormal distribution under P. 


An asset price {5S;};>0 is a geometric Brownian motion under the market measure P. 


Define 
1 T 
Yr = exp GS log S; ar) ; 
T Jo 


Suppose that an Asian call option has payoff (Yr — K)+ at time T. Find an explicit 
formula for the price of such an option at time zero. 


Use an arbitrage argument to show that if V (0, So) is the fair price of an American 
put option on non-dividend-paying stock with strike price K and maturity T, then 
writing 77 for the set of all possible stopping times taking values in [0, T] 


VO, So) = sup EF [e™"" (K — Sz)4| Fo]. 
teTr 
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25 Consider the value of an American put on non-dividend-paying stock. Show that 
if there were a discontinuity in the option value (as a function of stock price) that 
persisted for more than an infinitesimal time then a portfolio consisting entirely of 
options would offer an arbitrage opportunity. 

Remark: This does not mean that all option prices are continuous. If there is an 
instantaneous change in the conditions of a contract (as in multistage options) then 
discontinuities certainly can occur. 


26 Find the value of a perpetual American call option on non-dividend-paying stock. 


7 Bigger models 


Summary 


Having applied our basic Black-Scholes model to the pricing of some exotic options, 
we now turn to more general market models. 

In §7.1 we replace the (constant) parameters that characterised our basic Black- 
Scholes model by previsible processes. Under appropriate boundedness assumptions, 
we then repeat our analysis of Chapter 5 to obtain the fair price of an option as the 
discounted expected value of the claim under a martingale measure. In general this 
expectation must be evaluated numerically. We also make the connection with a gen- 
eralised Black-Scholes equation via the Feynman—Kac Stochastic Representation 
Theorem. 

Our models so far have assumed that the market consists of a single stock and 
a riskless cash bond. More complex equity products can depend on the behaviour 
of several separate securities and, in general, the prices of these securities will 
not evolve independently. In $7.2 we extend some of the fundamental results of 
Chapter 4 to allow us to manipulate systems of stochastic differential equations 
driven by correlated Brownian motions. For markets consisting of many assets we 
have much more freedom in our choice of ‘reference asset’ or numeraire and so 
we revisit this issue before illustrating the application of the ‘multifactor’ theory by 
pricing a ‘quanto’ product. 

We still have no satisfactory justification for the geometric Brownian motion 
model. Indeed, there is considerable evidence that it does not capture all features 
of stock price evolution. A first objection is that stock prices occasionally ‘jump’ 
at unpredictable times. In §7.3 we introduce a Poisson process of jumps into 
our Black-Scholes model and investigate the implications for option pricing. This 
approach is popular in the analysis of credit risk. In §1.5 we saw that, if a model is 
to be free from arbitrage and complete, there must be a balance between the number 
of sources of randomness and the number of independent stocks. We reiterate this 
here. We see more evidence that the Black-Scholes model does not reflect the true 
behaviour of the market in §7.4. It seems a little late in the day to condemn the model 
that has been the subject of all our efforts so far and so we ask how much it matters 
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if we use the wrong model. We also very briefly discuss models with stochastic 
volatility that have the potential to better reflect true market behaviour. 

This chapter is intended to do no more than indicate some of the topics that might 
be addressed in a second course in financial calculus. Much more detail can be found 
in some of the suggestions for further reading in the bibliography. 


General stock model 


In our classical Black-Scholes framework we assume that the riskless borrowing rate 
is constant and that the returns of the stock follow a Brownian motion with constant 
drift. In this section we consider much more general models to which we can apply 
the Black-Scholes analysis although, in practice, even for vanilla options the prices 
that we obtain must now be evaluated numerically. The key assumption that we retain 
is that there is only one source of randomness in the market, the Brownian motion 
that drives the stock price (cf. §7.3). 


Writing {F;}:+0 for the filtration generating the driving Brownian motion, we 
replace the riskless borrowing rate, r, the drift u and the volatility o in our basic 
Black-Scholes model by {F;};>0-predictable processes {r;}r>0, {Hr }r>0 and {o7}+>0. 
In particular, r;, 4, and o; can depend on the whole history of the market before time 
t. Our market model is then as follows. 


General stock model: The market consists of a riskless cash bond, {B;};>0, 
and a single risky asset with price process {S;};>9 governed by 


dB, = r; Bidt, Bo = 1, 
dS; = by S;dt +0;S;dW,, 


where {W;};>0 is a P-Brownian motion generating the filtration {F;};>9 and 
{rr}t>0, {Ut}r>0 and {o;};>0 are {F;};>0-predictable processes. 


Evidently a solution to these equations should take the form 


t 
B; = exp (J rds) , (7.1) 
0 
t 1 £ 
S; = So exp ( f (u - 57?) ds + f gaws) l (7.2) 
0 0 


but we need to make some boundedness assumptions if these expressions are to make 
sense. So to ensure the existence of the integrals in equations (7.1) and (7.2) we 
assume that f \r;|dt, ie |u:|dt and E o/ dt are all finite with P-probability one. 
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A word of warning is in order. In order to ‘calibrate’ such a model to the market we 
must choose the parameters {7;}:>0, {/4}:>0 and {o;};>0 from an infinite-dimensional 
space. Unless we restrict the possible forms of these processes, this presents a major 
obstacle to implementation. In §7.4 we examine the effect of model misspecification 
on pricing and hedging strategies. Now, however, we set this worry aside and repeat 
the Black-Scholes analysis for our general class of market models. 


We must mimic the three steps to replication that we followed in the classical setting. 
The first of these is to find an equivalent probability measure, Q, under which the 
discounted stock price, (Sao; is a martingale. 

Exactly as before, we use the Girsanov Theorem to find a measure, Q, under 
which the process {W,} t>0 defined by 


t 
W, = W, +f ysds 
0 


is a standard Brownian motion. The discounted stock price, {S;} t>0 defined as Š, = 
S;/B;, is governed by the stochastic differential equation 


dS; (ut — ri) S,dt + o,Šıd W; 


= (hi —Trt — orty) Š,dt + 0,5,dW;, 


and so we choose y; = (ur — rt) /or. To ensure that { Si }>0 really is a Q-martingale 
we make two further boundedness assumptions. First, in order to apply the Girsanov 


Theorem, we insist that 
HI 
aP [exo (/ vear) | < Oo. 
o 2 


Second we require that {5, }>0 is a Q-martingale (not just a local martingale) and so 
we assume a second Novikov condition: 


E) 
p o;dt|| < œ. 
0o 2 


Under these extra boundedness assumptions (SG then is a martingale under the 
measure Q defined by 


d f ry 
Q = L” = exp (-f ysd Ws — J vas) . 
F, 0 o 2 


dP 
That completes the first step in our replication strategy. The second is to form the 
(Q, {F+}+>0)-martingale {M;}r>0 given by 


M, =E? | B;'Cr|F;]. 
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The third step is to show that our market is complete, that is any claim Cr can be 
replicated. First we invoke the martingale representation theorem to write 


t 
M, = Mo +f Oud Wu 
0 
and consequently, provided that o; never vanishes, 


t 
M; = Mo + f pdb, 
0 


where {¢;};>0 is {F+}:>0-predictable. 

Guided by our previous work we guess that a replicating portfolio should consist 
of ¢; units of stock and yw, = M; — ¢;S; units of cash bond at time t. In Exercise 1 
it is checked that such a portfolio is self-financing. Its value at time t is 


V, = or St AE WB, = B;M,;. 


In particular, at time T, Vr = BrMr = Cr, and so we have a self-financing, 
replicating portfolio. The usual arbitrage argument tells us that the fair value of the 
claim at time ¢ is V;, that is the arbitrage price of the option at time f is 


V, = BE? [ 87'cr| 7] =E? E fe reucy| F]. 


In general such an expectation must be evaluated numerically. If 7;, us and op 
depend only on (f, S;) then one approach to this is first to express the price as 
the solution to a generalised Black-Scholes partial differential equation. This is 
achieved with the Feynman—Kac Stochastic Representation Theorem. Specifically, 
using Example 4.8.6, V; = F(t, S;) where F(t, x) solves 


OF is 28°F OF 
(t,x) + =o (t, x)x (t,x) +r(t, x)x (t,x) —r(t, x) F(t, x) =0, 
at 2 ax? Ox 


subject to the terminal condition corresponding to the claim Cr, at least provided 


T aF 2 
I zQ [eoe] fa <0. 
0 Ox 


For vanilla options, in the special case when r, jz and o are functions of t alone, the 
partial differential equation can be solved explicitly. As is shown in Exercise 3 the 
procedure is exactly that used to solve the usual Black-Scholes equation. The price 
can be found from the classical Black-Scholes price via the following simple rule: 
for the value of the option at time t replace r and o? by 


1 a 1 $ 
wf r(s)ds and wf o?(s)ds 


respectively. 
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security 
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Multiple stock models 


So far we have assumed that the market consists of a riskless cash bond and a 
single ‘risky’ asset. However, the need to model whole portfolios of options or 
more complex equity products leads us to seek models describing several securities 
simultaneously. Such models must encode the interdependence between different 
security prices. 


Suppose that we are modelling the evolution of n risky assets and, as ever, a single 
risk-free cash bond. We assume that it is not possible to exactly replicate one of the 
assets by a portfolio composed entirely of the others. In the most natural extension 
of the classical Black-Scholes model, considered individually the price of each 
risky asset follows a geometric Brownian motion, and interdependence of different 
asset prices is achieved by taking the driving Brownian motions to be correlated. 
Equivalently, we take a set of n independent Brownian motions and drive the asset 
prices by linear combinations of these; see Exercise 2. This suggests the following 
market model. 


Multiple asset model: Our market consists of a cash bond {B;}o<;<7 and n 
different securities with prices { S}, S?, ..., SP }o<r<7, governed by the system 
of stochastic differential equations 


dB; = rB,dt, 


n 
dsi = Si È oi; (ÐdW} + moar) , i=1,2,...,n, (7.3) 
j=1 


where { w/ k>0, J = 1,...,n, are independent Brownian motions. We 
assume that the matrix o = (0;;) is invertible. 


Remarks: 


This model is called an n-factor model as there are n sources of randomness. If there 
are fewer sources of randomness than stocks then there is redundancy in the model 
as we can replicate one of the stocks by a portfolio composed of the others. On the 
other hand, if we are to be able to hedge any claim in the market, then, roughly 
speaking, we need as many ‘independent’ stocks as sources of randomness. This 
mirrors Proposition 1.6.5. 

Notice that the volatility of each stock in this model is really a vector. Since the 
Brownian motions {w7 }>0, J = 1,...,n, are independent, the total volatility of 


the process {S!},>0 is | X j= o$ (t) y 
t> 
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Of course we haven’t checked that this model really makes sense. That is, we need 
to know that the system of stochastic differential equations (7.3) has a solution. 
In order to verify this and to analyse such multifactor market models we need 
multidimensional analogues of the key results of Chapter 4. 


The most basic tool will be an n-factor version of the It6 formula. In the same way as 
we used the one-factor It6 formula to find a description (in the form of a stochastic 
differential equation) of models constructed as functions of Brownian motion, here 
we shall build new multifactor models from old. Our basic building blocks will be 
solutions to systems of stochastic differential equations of the form 


n 
dX! = m (Ðdt +$ oj dW}, i=1,...,n, (1.4) 
j=1 
where (wi k>0, J = 1,...,n, are independent Brownian motions. We write {F;};>0 
for the o-algebra generated by {W/},>0, j = 1,... , n. Our work of Chapter 4 gives 


a rigorous meaning to (the integrated version of) the system (7.4) provided {u; (t)}r>0 
and {o;;()}is0, 1 <i <n, 1 < j <n, are {F;},>0-predictable processes with 


elf ($ oi; (s)) * +091) ds] <o t>0,i=1,...,n. 


Let us write {X;};>0 for the vector of processes {x}, eet ..., Xf }r>0 and define a 
new stochastic process by Z; = f(t, X+). Here we suppose that f (t, x) : RxR” > 
R is sufficiently smooth that we can apply Taylor’s Theorem, just as in §4.3, to find 


the stochastic differential equation governing {Z;};>0. Writing x = (x1,... , Xn), we 
obtain 
dZ, = La, xd); La, Xp)dXİ +- pa T X,dxXidx! + 

(7.5) 


Since the Brownian motions {Wi >0 are independent we have the multiplication 
table 


x |dwi dw dt 


dW; | dt 0 0 fori £j (7.6) 


and this gives dX iax! = J zı Fikojxdt. The same multiplication table tells us 
that dX iq X J dX k is o(dt) and so substituting into equation (7.5) we have provided 
a heuristic justification of the following result. 
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Theorem 7.2.1 (Multifactor It formula) Let {X:jiso = (X},X?,..., XP 0 
solve i 
dX} = pi Ðdt+ Y oj OAW,  i=1,2,...,n, 
j=l 
where {WI >0, i = 1,...,n, are independent P-Brownian motions. Further sup- 
pose that the real-valued function f (t, x) on R4 x R” is continuously differentiable 


with respect to t and twice continuously differentiable in the x-variables. Then 
defining Z; = f (t, X+) we have 


3? f 
t, X,;)C;;(t)dt 
errr Cit) 


af z Of pi die 
dZ, = —(t, X)dt — (t, X;)dX; + = 
= F7 (6 X) D 1) aoe 
where Cij(t) = X p1 Cik (to jx (t). 


Remark: Notice that if we write ø for the matrix (o;;) then Cjj = (co! i" where o° 
is the transpose of o. l 


We can now check that there is a solution to the system of equations (7.3). 


Example 7.2.2 (Multiple asset model) Let {Wi} >0, i=1,...,n, be independent 
Brownian motions. Define {S}, S2, 120 Sf hr>0 by 
; t ies fon 
J). 
S; = So exp f Hils) — 5 2, 74'S) ds +f Deu, ; 
then {Si}, S?, ... S? }i>0 solves the system (7.3). 
Justification: Defining the processes {X09 fori = 1,2,...,n by 
: 1 n n 5 
dX, = (u (t) — 5 ao) dt+ Soi ()dW/ 
k=1 j=l 
we see that Si = fit, X+) where, writing x = (x1,... , Xn), filt, x) £ Sje“. 


Applying Theorem 7.2.1 gives 
y . $ i te, 2 A 
dS; = Soexp(X;)dX;, + 750 exp(X;)Cii (t)dt 
, 1 n n f 1 n 
S; | (u Os 5 akO )at +) oj()dW) + 5 5 outon Od: 
k=1 j=1 k=1 


si fu dt +Y oj wawi} 


j=l 


as required. 
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Remark: Exactly as in the single factor models, although we can write down 
arbitrarily complicated systems of stochastic differential equations, existence and 
uniqueness of solutions are far from guaranteed. If the coefficients are bounded and 
uniformly Lipschitz then a unique solution does exist, but such results are beyond 
our scope here. Instead, once again, we refer to Chung & Williams (1990) or Ikeda 
& Watanabe (1989). 


We can also use the multiplication table (7.6) to write down an n-factor version of 
the integration by parts formula. 


Lemma 7.2.3 If 


n 
dX; = w(t, Xi)dt + J0; (t, Xi)dW; 


i=l 
and 
n . 
dY, = v(t, ¥i)dt + $` pit. Yaw; 
i=l 
then 


n 
d(X,Y;) = X;dY,; + Yrd X; + Xoil, X;)pi(t, ¥;)dt. 
i=l 


Pricing and hedging in the multiple stock model will follow a familiar pattern. First 
we find an equivalent probability measure under which all of the discounted stock 
prices {Si }>0, i = 1l,...,n, given by si = e" Si, are martingales. We then 
use a multifactor version of the Martingale Representation Theorem to construct a 
replicating portfolio. 

Construction of the martingale measure is, of course, via a multifactor version of 
the Girsanov Theorem. 


Theorem 7.2.4 (Multifactor Girsanov Theorem) Let {W} }>0, i = l,...,n, be 


independent Brownian motions under the measure P generating the filtration {F;}1:>0 
and let {6;(t)}:>0,i = 1,...,n, be {Fr}r>0-previsible processes such that 


T n 
+P [es (; f 5 ros) ds < œ. (7.7) 
0 i= 


n T T 
L: = exp (- se (J 6;(s)dWi + ; f eons) 
rl 0 0 


and let P™) be the probability measure defined by 


Define 


dp) 
dP 


Fi 
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Then under P™) the processes {X}ix0, i=1,...,n, defined by 
t 
X, =W; +f 6;(s)ds 
0 


are all martingales. 


Sketch of proof: The proof mimics that in the one-factor case. It is convenient to write 
L, = []_, Li where 


, t f 1 t 
Li = exp (- [ 6 (s)dWi — >f soas) : 
0 0 


That {L;}r>0 defines a martingale follows from (7.7) and the independence of the 
Brownian motions {Wi }>0, i=l,...,n. 

To check that {X j }>0 is a (local) P) -martingale we find the stochastic differen- 
tial equation satisfied by {X ii Jo Since 


dLi = —6;(t)LidWi, 

repeated application of our product rule gives 
n 
dL, =—L, X 6;(t)dW;. 
i=l 

Moreover, 

dX, = dW} + Oi(t)dt, 
and so another application of our product rule gives 


AOE Li) XidL; + L;dW/ + L,0;(t)dt — L,6;(t)dt 


n 
-XİL X 6(t)dW; + LidW}. 

i=l 
Combined with the boundedness condition (7.7), this proves that {Xİ Li}>0 is a 
P-martingale and hence {Xi}>0 is a P“)-martingale. P™ is equivalent to P so 
{X yer has quadratic variation [X i} = t with P) -probability one and once 
again Lévy’s characterisation of Brownian motion confirms that {X PSG is a PY)- 


Brownian motion as required. 


As promised we now use this to find a measure Q, equivalent to P, under which 
the discounted stock price processes { Sixes i= 1,...,n, are all martingales. The 
measure Q will be one of the measures P} of Theorem 7.2.4. We just need to 
identify the appropriate drifts {6;};>0. 

The discounted stock price {SU 50, defined by 5i = Bes, is governed by the 
stochastic differential equation 


dSi 


n . 
Ši (ui) —r)dt + S} Y ojj(Naw; 
j=l 


= § (u D-r- OT o) dt + 5i Y` oij OdXĵ, 


j=l j=l 
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where as in Theorem 7.2.4 
dX} = 6;(t)dt + dW;. 


The discounted stock price processes will (simultaneously) be (local) martingales 
under Q = P if we can make all the drift terms vanish. That is, if we can find 
{0;(}i>0. j = 1,... , n, such that 


n 
wit) —r—)Oj;()oij() =0 foralli=1,... ,n. 
j=l 


Dropping the dependence on ¢ in our notation and writing 
U= (Hi, .--, Un), O=(,...,O0.), 1=(1,...,1) ando = (oij); 
this becomes 
u -rl = ðo. (7.8) 


A solution certainly exists if the matrix o is invertible, an assumption that we made 
in setting up our multiple asset model. 

In order to guarantee that the discounted price processes are martingales, not just 
local martingales, once again we impose a Novikov condition: 


t] n 
7Q [es (/ 5 y chon) <œ  foreachi. 
o 2a i. 
j=l 


At this point we guess, correctly, that the value of a claim Cr € Fr at time t < T is 
its discounted expected value under the measure Q. To prove this we show that there 
is a self-financing replicating portfolio and this we infer from a multifactor version 
of the Martingale Representation Theorem. 


Theorem 7.2.5 (Multifactor Martingale Representation Theorem) Let 
(Wiko T= 1... 40, 
be independent P-Brownian motions generating the filtration {F;}:>0. Let 


{M}, ... , MP }r>0 be given by 


n 
dM; =} \oi(dW/, 
j=l 


T n 
E [e GI Sir) < œ. 
0 j=1 


Suppose further that the volatility matrix (oij (t)) is non-singular (with probability 


where 


one). Then if {N;}+>0 is any one-dimensional (P, {F;}1>0)-martingale there exists an 
n-dimensional {F;}+>o0-previsible process {1}:>0 = tot, <- > Of }r>0 such that 


n t , ; 
m= not >of oidMi. 
jase 
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A proof of this result is beyond our scope here. It can be found, for example, in 
Protter (1990). Notice that the non-singularity of the matrix o reflects our remark 
about non-vanishing quadratic variation after the proof of Theorem 4.6.2. 

We are now in a position to verify that our guess was correct: the value of a 
claim in the multifactor world is its discounted expected value under the martingale 
measure Q. 

Let Cr € Fr be a claim at time T and let Q be the martingale measure obtained 
above. We write 


M, =E? | B;'Cr|F;]. 


Since, by assumption, the matrix o = (oij) is invertible, the n-factor Martin- 
gale Representation Theorem tells us that there is an {F;}r>o-previsible process 
iol, .-- , Of }r>0 such that 


n ERE N 
m=m+5 | glasi. 
jas? 


Our hedging strategy will be to hold i units of the ith stock at time t for each 
i=1,...,n, and to hold y; units of bond where 


n A tne 
Wi = M; -5 ø 5. 
j=l 


The value of the portfolio is then V; = B;M,, which at time T is exactly the value of 
the claim, and the portfolio is self-financing in that 


n 
dV, = olds] + Wid By. 
j=l 


In the absence of arbitrage the value of the derivative at time t is 


V =B 


8 [B7 Cr F; | = eE [Cr Fi 


x 


as predicted. 


Remark: The multifactor market that we have constructed is complete and arbitrage- 
free. We have simplified the exposition by insisting that the number of sources 
of noise in our market is exactly matched by the number of risky tradable assets 
that we are modelling. More generally, we could model k risky assets driven by d 
sources of noise. Existence of a martingale measure corresponds to existence of a 
solution to (7.8). It is uniqueness of the martingale measure that provides us with the 
Martingale Representation Theorem and hence the ability to replicate any claim. For 
a complete arbitrage-free market we then require that d < k and that o has full rank. 
That is, the number of independent sources of randomness should exactly match the 


number of ‘independent’ risky assets trading in our market. 
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In Exercise 7 you are asked to use a delta-hedging argument to obtain this price 
as the solution to the multidimensional Black-Scholes equation. This partial dif- 
ferential equation can also be obtained directly from the expectation price and a 
multidimensional version of the Feynman—Kac stochastic representation. We quote 
the appropriate version of this useful result here. 


Theorem 7.2.6 (Multidimensional Feynman-Kac stochastic representation) Let 
o(t,x) = (oij(t,x)) be a real symmetric n x n matrix, ® : R” —> R and 
ui: Ry x R” > Ri =1,... ,n, be real-valued functions and r be a constant. We 
suppose that the function F (t, x), defined for (t, x) € R} x R”, solves the boundary 
value problem 


Ta, + ym ye = tt x)+ -= 1 cyt ye mt x) —rF(t,x) =0, 
2 *Z 1 
F(T, x) = (x), 


where Cij (t,x) = a Oik(t, x)ojk(t, x). 
Assume further that for each i = 1,...,n, the process {X‘}1>0 solves the 
stochastic differential equation 


n 
dX! = y;(t, X)dt + X oij, XdW? 
j=l 


where X; = (x1, ..., XP}. Finally, suppose that 


T n 2 
I E (we Eixo) |as <o i=l,...,n. 
0 j=l 


F(t, x) =e '! E[ O(X7)| X, = x]. 


Then 


Corollary 7.2.7 Let S; = {s$}, ... , SF} be as above and Cr = Ẹ® (Sr) be a claim 
at time T. Then the price of the claim at time t < T, 


V, = e" T-DEL [P (Sr)| Fi] = e” TDEL [P(Sr)| Sı = x] Ê F(t, x) 


satisfies 


rt Da Cij(t, oaia mt otra Ta, x)—rF(t,x)=0, 


2 x 1 
F(T, x) = (x). 


Proof: The process {5;};>0 is governed by 
n 
dS; =rSjdt + > oijt, SYS} dX}, 
j=l 


where {X J }>0, J = 1,... ,n, are Q-Brownian motions, so the result follows from 
an application of Theorem 7.2.6. 
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The more assets there are in our market, the more freedom we have in choosing our 
“‘numeraire’ or ‘reference asset’. Usually it is chosen to be a cash bond, but in fact 
it could be any of the tradable assets available. In the context of foreign exchange 
we checked that we could use as reference the riskless bond in either currency and 
always obtain the same value for a claim. Here we consider two numeraires in the 
same market, but they may have non-zero volatility. 

Suppose that our market consists of n + 2 tradable assets whose prices we denote 
by { B}, B?, at ..., Sf h20. We compare the prices obtained for a derivative by 
two traders, one of whom chooses { B }>0 as numeraire and the other of whom 
chooses {B2} t>0. We always assume our multidimensional geometric Brownian 
motion model for the evolution of prices, but now neither of the processes {Bi }>0 
necessarily has finite variation. 

If we choose {B} t>0 as numeraire then we first find an equivalent measure, Q!, 
under which the asset prices discounted by { B} }r>0, that is 


Br St St 


“elt aad I 
BIE BE ha 


are all Q!-martingales. The value that we obtain for a derivative with payoff Cr at 
time T is then 


rQ! = 
Br 


v! = B} F, 


(see Exercise 7). 
If instead we had chosen {B2} >0 as our numeraire then the price would have been 


pQ? CT 


v? z B? PoJ 
2 
Br 


Fi 


where Q? is an equivalent probability measure under which 


B i S} S? 
D2 > D2 s.e.. O 
B t B $ B t t>0 
are all martingales. We have not proved that such a measure Q? is unique, but if 
a claim can be replicated we obtain the same price for any measure Q? with this 
property. 
Suppose that we choose Q? so that its Radon-Nikodym derivative with respect to 

Q! is given by 

dQ? B? 

JO) ~ RU 

dQ F, B; 


Notice that since Q! is a martingale measure for an investor choosing { Bł}}r>0 as 
numeraire, we know that {B? / B} }ixo0 is a Q!-martingale. Recall that if 


dQ 


TP P =¢, forallt > 0, 
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then, forO < s <t, 


01 x,|F] = | Bx, 


Ss 


a 


We first apply this to check that {si / B?}1>0 is a Q?-martingale for each i = 
1 Eo Os 
si B? B} Si 
eli F| = iE r. 
B; 


_ gol Bs Si 
= ~ B2 B} 


where the last line follows since B} and B? are F,-measurable and {S!/B}},>0 is 
a Q!-martingale. In other words, {si / B?}1>0 is a Q?-martingale as required. That 
{B} / B?};>0 is a Q?-martingale follows in the same way. 

The price for our derivative given that we chose {B2} t>0 as numeraire is then 


>| B2 
vV? = E Ea z 
B7 
ı | BŽ B} B2 
= a0 FS kedal 
T ®t PT 
B! 
= Q! ba z] = vi. 
By 


In other words, the choice of numeraire is unimportant — we always arrive at the 
same price. 


We now apply our multifactor technology in an example. We are going to price a 
quanto forward contract. 


Definition 7.2.8 A financial asset is called a quanto product if it is denominated 
in a currency other than that in which it is traded. 


A quanto forward contract is also known as a guaranteed exchange rate forward. It 
is most easily explained through an example. 


Example 7.2.9 BP, a UK company, has a Sterling denominated stock price that 
we denote by {S;}1>0. For a dollar investor, a quanto forward contract on BP 
stock with maturity T has payoff (Sr — K) converted into dollars according to 
some prearranged exchange rate. That is the payout will be $E(Sr — K) for some 
preagreed E, where Sr is the Sterling asset price at time T. 


As in our foreign exchange market of §5.3 we shall assume that there is a riskless 
cash bond in each of the dollar and Sterling markets, but now we have two random 
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processes to model, the stock price, {.S;};+9 and the exchange rate, that is the value of 
one pound in dollars which we denote by { F;};>0. This will then require a two-factor 
model. 


Black-Scholes quanto model: We write {B;},;>0 for the dollar cash bond and 
{D;}+>0 for its Sterling counterpart. Writing E; for the dollar worth of one 
pound at time f and S; for the Sterling asset price at time t, our model is 


Dollar bond B, = e”, 
Sterling bond D; = e", 
Sterling asset price S; = So exp (vt +01 w?) ; 
Exchange rate E, = Eo exp (ar + po.W; +/1— poo w?) P 


where {Ww} t>0 and {W2}:>0 are independent P-Brownian motions and r, u, 
v, A, 01, 02 and p are constants. 


In this model the volatilities of {S;}>0 and {E;};>0 are o and o2 respectively 
and {W}, pW} + y1 — p2W7}:s0 is a pair of correlated Brownian motions with 
correlation coefficient p. There is no extra generality in replacing the expressions for 
S, and E; by 

St = So exp (v + oW, + o2?) ; 

E, = Eo exp (at +021 Ww} + onw?) ; 
for independent Brownian motions { wi, W?} 1>0- 
What is the value of K that makes the value at time zero of the quanto forward 
contract zero? 

As in our discussion of foreign exchange, the first step is to reformulate the 
problem in terms of the dollar tradables. We now have three dollar tradables: the 
dollar worth of the Sterling bond, E;D,;; the dollar worth of the stock, E; S+; and 
the dollar cash bond, B,. Choosing the dollar cash bond as numeraire, we first find 


the stochastic differential equations governing the discounted values of the other two 
dollar tradables. We write Y, = BAF, D, and Z, = Bove S;. Since 


1 
dE, = (: a 502) E,dt + porE,dW} + 4/1 — p?02 E,d W?, 


application of our multifactor integration by parts formula gives 


1 
d(E;D;) = uE, D,dt + (>+ 502) E,Dıdt+p02E; Did W} +4/ 1 — p? 02E; Did W? 


1 
dY, = (. 4 5% +u— r) Y,dt + Y, (cosa + /1-ooaw?) : 


and 
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Similarly, since 


1 
dS; = (» + 507) Sdt + o1S,dW;, 


1 
d (E;S;) = (v+ 507) ES + 04 ES W} 
1 
+ /1— 92028; E;dW? + poio2S;E;,dt 
and so 
l 4 l , 
dZ, = vor zoi +A+ 572 + poio —r | Z;dt 


+ (o1 + p02) Zid W} +4/1 — p202Z,dW?. 


Now we seek a change of measure to make these two processes martingales. Our 
calculations after the proof of Theorem 7.2.4 reduce this to finding 6), 62 such that 


1 
A+ 507 +u r — 0102 — 02,/1 — p?o = 0 


and 


1 1 
HERO TAES 3 + poior =r — 01 (01 + por) — 62/1 — p20 = 0. 


Solving this pair of simultaneous equations gives 


9 v+ 40? + pao, — u 
1 = 


o1 


and i 
_ A+ 303 +u -—r — por 


v1- por 
Under the martingale measure, Q, {Xl }>0 and {X?}>0 defined by x} = w! + Ot 
and X 2 = w? + 2t are independent Brownian motions. We have 


1 
St = So exp ((« — 00102 — zot)! + aX!) 3 


02 


In particular, 
uT yp hs 
Sr = exp (—po 02T) Soe" exp | a1 Xp — 771 T 


and we are finally in a position to price the forward. Since {X lh>0 is a Q-Brownian 


motion, 
1 
zQ [exp (ox; — 57) | = |, 
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so 


Vo = e 7 EE® (Sr — K)] 
= e”TE (exp (—pojo2T) Soe? — K) f 


Writing F = Soe”? for the forward price in the Sterling market and setting Vo = 0 
we see that we should take 


K = Fexp(—pojo2T). 


Remark: The exchange rate is given by 


= _ o1 2 1 _ 42 2 
E, = Egexp(({r—u 52 t+ po2X, +,/1— p02 X; }. 


It is reassuring to observe that oX} + y1 — p?X? is a Q-Brownian motion with 
variance one so that this expression for {E;};>0 is precisely that obtained in §5.3. 
Notice also that the discounted stock price process e~"' S; is not a martingale; there 
is an extra term, reflecting the fact that the Sterling price is not a dollar tradable. 


Asset prices with jumps 


The Black-Scholes framework is highly flexible. The critical assumptions are 
continuous time trading and that the dynamics of the asset price are continuous. 
Indeed, provided this second condition is satisfied, the Black-Scholes price can be 
justified as an asymptotic approximation to the arbitrage price under discrete trading, 
as the trading interval goes to zero. But are asset prices continuous? 

So far, we have always assumed that any contracts written will be honoured. In 
particular, if a government or company issues a bond, we have ignored the possibility 
that they might default on that contract at maturity. But defaults do happen. This has 
been dramatically illustrated in recent years by credit crises in Asia, Latin America 
and Russia. If a company A holds a substantial quantity of company B’s debt 
securities, then a default by B might be expected to have the knock-on effect of 
a sudden drop in company A’s share price. How can we incorporate these market 
‘shocks’ into our model? 


By their very nature, defaults are unpredictable. If we assume that we have absolutely 

no information to help us predict the default times or other market shocks, then we 

should model them by a Poisson random variable. That is the time between shocks 

is exponentially distributed and the number of shocks by time f¢, denoted by N,, is 

a Poisson random variable with parameter At for some à > 0. Between shocks we 

assume that an asset price follows our familiar geometric Brownian motion model. 
A typical model for the evolution of the price of a risky asset with jumps is 


dS 
= = pdt + odW, — ôd N,, (7.9) 


t 
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where {W;};>0 and {N;};>0 are independent. To make sense of equation (7.9) we 
write it in integrated form, but then we must define the stochastic integral with respect 
to {N;};>0. Writing t; for the time of the ith jump of the Poisson process, we define 


t NM 
[ fu, Sud Nu = Yf (@-, Sro-)- 
i=1 


For the model (7.9), if there is a shock, then the asset price is decreased by a factor 
of (1 — ô). This observation tells us that the solution to (7.9) is 


S; = S ae — 6) 
t = Soexp( {u 5° t+ow,)(d—4)™. 


To deal with more general models we must extend our theory of stochastic calculus 
to incorporate processes with jumps. As usual, the first step is to find an (extended) 
Itô formula. 


Assumption: We assume that asset price processes are cadlag, that is they are 
right continuous with left limits. 


Theorem 7.3.1 (It6’s formula with jumps) Suppose 
dY, = Hdt + ord W; + vrd N; 


where, under P, {W;}:>0 is a standard Brownian motion and {N;}1>0 is a Poisson 
process with intensity à. If f is a twice continuously differentiable function on R 
then 


t 1 t 
f%) = f(%)+ j! fdt + 5 Í f"%,)o2ds 
Nr N; 
— XO f'Ta) (Yu — Yu-) + (Fn) fOn-)) 7.10) 
i=1 i=1 


where {t;} are the times of the jumps of the Poisson process. 


We don’t prove this here, but heuristically it is not difficult to see that this should be 
the correct result. The first three terms are exactly what we’d expect if the process 
{Y;}:>0 were continuous, but now, because of the discontinuities, we must distinguish 
Y,— from Y;. In between jumps of {N;};>0, precisely this equation should apply, 
but we must compensate for changes at jump times. In the first three terms we 
have included a term of the form aa if We-) ce — ye) and the first sum in 
equation (7.10) corrects for this. Since N; is finite, we do not have to correct the term 
involving f”. Now we add in the actual contribution from the jump times and this is 
the second sum. 
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Compensation As usual a key rôle will be played by martingales. Evidently a Poisson process, 


Poisson 
exponential 
martingales 


{N;}r>0 with intensity à under P is not a P-martingale — it is monotone increasing. 
But we can write it as a martingale plus a drift. In Exercise 13 it is shown that the 
process {M;};>0 defined by M, = N, — At is a P-martingale. 

More generally we can consider time-inhomogeneous Poisson processes. For such 
processes the intensity {A;};>0 is a function of time. The probability of a jump in 
the time interval [t, £ + ôt) is A,6t + o(ôt). Thus, for example, the probability that 
there is no jump in the interval [s, t] is exp (- J k Adu ). The corresponding Poisson 
martingale is M; = N; — iF Asds. The process {A;};>0 given by A; = h Asds is 
the compensator of {Nr};>0. 

In Exercise 14 it is shown that just as integration with respect to Brownian 
martingales gives rise to (local) martingales, so integration with respect to Poisson 
martingales gives rise to martingales. 


Example 7.3.2 Let {N;}:>0 be a Poisson process with intensity {àt}r>0 under P 
where for each t > 0, J Asds < œ. For a given bounded deterministic function 
{ær}r>0, let 


t t 
L; = exp (/ a,dM, + f (1 + a5 — e“) ids) (7.11) 

0 0 
where dM, = dN, — Asds. Find the stochastic differential equation satisfied by 


{L} >0 and deduce that {L1};>0 is a P-martingale. 


Solution: First write 


t t 
Zi = / asd M; +f (1 +a — e) Asds 
0 0 
so that L; = e7'. Then 
dZ; = a,dN; = a,A;dt + (1 + Qt — ce) r,dt 
and by our generalised Itô formula 
dL; = L,-dZ; + (-e7-0, + ett te i gr) dN;, 


where we have used the fact that if a jump in {Z;};>0 takes place at time ż, then that 
jump is of size a;_. Substituting and rearranging give 


dL; = L,~a,dM; + Ly (1 + ay — e*) A,dt = Ly (1 + at — em) dN; 
= L; (e* —1)dM. 


By Exercise 14, {L;}r>0 is a P-martingale. 
Definition 7.3.3 Processes of the form of {L1}:>0 defined by (7.11) will be called 
Poisson exponential martingales. 


Our Poisson exponential martingales and Brownian exponential martingales are 
examples of Doléans—Dade exponentials. 
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Definition 7.3.4 For a semimartingale {X1};>0 with Xo = 0, the Doléans—Dade 
exponential of {X+};>0 is the unique semimartingale solution {Z;}+>0 to 


t 
Z = 14 f Zs—dXz. 
0 


In the same way as we used Brownian exponential martingales to change measure 
and thus ‘transform drift’ in the continuous world, so we shall combine Brownian 
and Poisson exponential martingales in our discontinuous asset pricing models. A 
change of drift for a Poisson martingale will correspond to a change of intensity for 
the Poisson process {N;};>0. More precisely, we have the following version of the 
Girsanov Theorem. 


Theorem 7.3.5 (Girsanov Theorem for asset prices with jumps) Let {W:}i>0 be a 
standard P-Brownian motion and {N;}+>0 a (possibly time-inhomogeneous) Poisson 
process with intensity {àt }1>0 under P. That is 


t 
M, = Ni -f Àu„du 
0 


is a P-martingale. We write F, for the o -field generated by FY U FN . Suppose that 
{0:}>0 and {Qr }r>0 are {F+}:>0-previsible processes with h, positive for each t, such 
that 


t t 
f losl? ds <œ and f dsdsds < 00. 
0 0 


Then under the measure Q whose Radon—Nikodym derivative with respect to P is 
given by 
d 
GO| =a, 
aP |p 
where Lo = 1 and 
dL; 
L = 0d W, — (1 — br) dM, 


t— 
the process {X1};>0 defined by X; = W; — i sds is a Brownian motion and {N;}1>0 
has intensity {bA1}1>0. 


In Exercise 16 it is shown that {Z;};>0 is actually the product of a Brownian 
exponential martingale and a Poisson exponential martingale. 

The proof of Theorem 7.3.5 is once again beyond our scope, but to check that the 
processes {X;};>0 and {M — J bsarsds} -o are both local martingales under Q is an 
exercise based on the Itô formula. 


Heuristics: An informal justification of the result is based on the extended multipli- 
cation table: 


x dW; dN, dt 


a 
Z 
© 
a 
z 
ooo 
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Thus, for example, 


t t 
d (Li z / 6.43) = (n a f dahas) dL, + L; (AN; — bArat) 
0 0 
— Li. = $) (dN)? 
t 
(n -f d,s) dL, +L, (dM, + A,dt) 
0 
— L,b;A;dt — Li (1 — pi) (dM, + àrdt) 
t 
= (n = f hasas) dL; + Lidid M;. 
0 


Since {M;}r>0 and {L;};>0 are P-martingales, subject to appropriate boundedness 
assumptions, [z N; — f dshsds) | should be a P-martingale and consequently 
t> 


[(™ = fs dshsds)| 3 should be a Q-martingale. 
t> 


Our instinct is to use the extended Girsanov Theorem to find an equivalent probabil- 
ity measure under which the discounted asset price is a martingale. 
Suppose then that 


dS; 
S = udt + odW, = odN;. 
t 


Evidently the discounted asset price satisfies 
= = (u—r)dt +oadW, — ddN;. 
Si 

But now we see that there are many choices of {6;};>0 and {¢;};>0 in Theorem 7.3.5 
that lead to a martingale measure. The difficulty of course is that our market is not 
complete, so that although for any replicable claim we can use any of the martingale 
measures and arrive at the same answer, there are claims that cannot be hedged. 
There are two independent sources of risk, the Brownian motion and the Poisson 
point process, and so if we are to be able to hedge arbitrary claims Cr € Fr, we 
need two tradable risky assets subject to the same two noises. 


So if there are enough assets available to hedge claims, can we find a measure under 
which once discounted they are all martingales? Remember that otherwise there will 
be arbitrage opportunities in our market. 

If the asset price has no jumps, we can write 


dS, 
See udt +odW; 

St 

= (r+yoa)dt+oadwW,, 


where y = (u — r)/o is the market price of risk. We saw in Chapter 5 that in 
the absence of arbitrage (so when there is an equivalent martingale measure for our 
market), y will be the same for all assets driven by {W;};>0. 

If the asset price has jumps, then investors will expect to be compensated for the 
additional risk associated with the possibility of downward jumps, even if we have 
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‘compensated’ the jumps (replaced dN; by dM,) so that their mean is zero. The price 
of such an asset is governed by 
dS; 
Si 


udt + odW, + vdM, 
= (r+yo+ndav)dt+oadW, + vdM; 


where v measures the sensitivity of the asset price to the market shock and ņ is 
the excess rate of return per unit of jump risk. Again if there is to be a martingale 
measure under which all the discounted asset prices are martingales, then o and 7 
should be the same for all assets whose prices are driven by {W;};>0 and {N;}r>0. 
The martingale measure, Q, will then be the measure Q of Theorem 7.3.5 under 


which 
‘ur t 
wf ds and M; -f nàds 
0 0 


o 


are martingales. That is we take 0 = y and ọ = —n. 


The same ideas can be extended to assets driven by larger numbers of independent 
noises. For example, we might have n assets with dynamics 


i 


ds n m 
L uidt + X oiod We + 5 vigd MP 


i 
S; a=l b=1 
where, under P, {W?};>0, a = 1,...,m, are independent Brownian motions and 
{MP }i>0, = 1,... ,m, are independent Poisson martingales. 


There will be an equivalent martingale measure under which all the discounted 
asset prices are martingales if we can associate a unique market price of risk with 
each source of noise. In this case we can write 


All discounted asset prices will be martingales under the measure Q for which 
We = WË + yat 
is a martingale for each œ and 


MË = MP + ngàgt 


is a martingale for each £. 

As always it is replication that drives the theory. Note that in order to be able to 
hedge arbitrary Cr € Fr we'll require n + m ‘independent’ tradable risky assets 
driven by these sources of noise. With fewer assets at our disposal there will be 
claims Cy that we cannot hedge. 

All this is little changed if we take the coefficients u, o, à to be adapted to the 
filtration generated by {WI so, i = 1,...,m; see Exercise 15. Since we are not 
introducing any extra sources of noise, the same number of assets will be needed for 
market completeness. These ideas form the basis of Jarrow—Madan theory. 
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Model error 


Even in the absence of jumps (or between jumps) we have given only a very vague 
justification for the Samuelson model 


dS; = uSdt + o Sid W,. (7.12) 


Moreover, although we have shown that under this model the pricing and hedging of 
derivatives are dictated by the single parameter o, we have said nothing about how 
actually to estimate this number from market data. So what is market practice? 


Vanilla options are generally traded on exchanges, so if a trader wants to know the 
price of, say, a European call option, then she can read it from her trading screen. 
However, for an over-the-counter derivative, the price is not quoted on an exchange 
and so one needs a pricing model. The normal practice is to build a Black-Scholes 
model and then calibrate it to the market — that is estimate o from the market. But it 
is not usual to estimate o directly from data for the stock price. Instead one uses the 
quoted price for exchange-traded options written on the same stock. The procedure 
is simple: for given strike price and maturity, we can think of the Black-Scholes 
pricing formula for a European option as a mapping from volatility, o, to price V. 
In Exercise 17, it is shown that for vanilla options this mapping is strictly monotone 
and so can be inverted to infer o from the price. In other words, given the option 
price one can recover the corresponding value of ø in the Black-Scholes formula. 
This number is the so-called implied volatility. 

If the markets really did follow our Black-Scholes model, then this procedure 
would give the same value of o, irrespective of the strike price and maturity of the 
exchange-traded option chosen. Sadly, this is far from what we observe in reality: 
not only is there dependence on the strike price for a fixed maturity, giving rise to 
the famous volatility smile, but also implied volatility tends to increase with time 
to maturity (Figure 7.1). Market practice is to choose as volatility parameter for 
pricing an over-the-counter option the implied volatility obtained from ‘comparable’ 
exchange-traded options. 


This procedure can be expected to lead to a consistent price for exchange-traded and 
over-the-counter options and model error is not a serious problem. The difficulties 
arise in hedging. Even for exchange-traded options a model is required to determine 
the replicating portfolio. We follow Davis (2001). 

Suppose that the true stock price process follows 


dS; = Adr Sid Si + B,S,;dW, 


where {a@;};>0 and {6;};>0 are {F;}:>9-adapted processes, but we price and hedge an 
option with payoff ® (Sr) at time T as though {S;}r>0 followed equation (7.12) for 
some parameter o. 

Our estimate for the value of the option at time t < T will be V(t, S;) where 
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Implied volatility as a function of strike price and maturity for European call options based on 
the FTSE stock index. 


V (t, x) satisfies the Black-Scholes partial differential equation 


aV aV l1 3 28°V 
apr trez t0 + 37 x aye fr) —rV(t,x) =0, 
V(T, x) = (x). 


Our hedging portfolio consists at time t of ¢@; = et, Sr) units of stock and cash 
bonds with total value we” = V (t, S) — Qi S. 

Our first worry is that because of model misspecification, the portfolio is not 
self-financing. So what is the cost of following such a strategy? Since the cost of 
purchasing the ‘hedging’ portfolio at time ¢ is V(t, S+), the incremental cost of the 
strategy over an infinitesimal time interval [f, t + ôt) is 


ƏV av 
ay 6 SO (Setar — Sr) + | VE, S) -= Ft SDS: J (e™ — D 
ax ox 

= V(t F ôt, St+st) + V(t, S). 


In other words, writing Z; for our net position at time t, we have 
aV aV 
dZ, = an S,)dS; + (ve. S) — FPA s5- )rar — dV (t, $+). 
x x 


Since V(t, x) solves the Black-Scholes partial differential equation, applying Itô’s 


183 


Stochastic 
volatility and 
implied 
volatility 


7.4 MODEL ERROR 


formula gives 
aV aV 
dZ, = — (t, S;)dS;+ | VC, Sr) — —(t, St) St | rdt 
Ox Ox 


aV aV 
= ae S;)dt — x (t, S)d Si — 
x 


M PE > pp) at 


Irrespective of the model, V (T, Sr) = ®(Sr) precisely matches the claim against 
us at time T, so our net position at time T (having honoured the claim ® (Sr) against 


us) is 7 iy 
1 a V 
z=] 3 seo a, s) (0? — p?) dt. 


To eG: S) B? S?dt 


Seza 


For European call and put options vy > 0 (see Exercise 18) and so if o? > B? 


for all t € [0, T] our hedging strategy makes a profit. This means that regardless of 
the price dynamics, we make a profit if the parameter o in our Black-Scholes model 
dominates the true diffusion coefficient 6. This is key to successful hedging. Our 
calculation won’t work if the price process has jumps, although by choosing o large 
enough one can still arrange for Zr to have positive expectation. 

The choice of o is still a tricky matter. If we are too cautious no one will buy 
the option, too optimistic and we are exposed to the risk associated with changes 
in volatility and we should try to hedge that risk. Such hedging is known as vega 
hedging, the Greek vega of an option being the sensitivity of its Black-Scholes 
price to changes in o. The idea is the same as that of delta hedging (Exercise 5 
of Chapter 5). For example, if we buy an over-the-counter option for which gv =v, 
then we also sell a number v/v’ of a comparable exchange traded option whose value 
is V’ and for which ais = v'. The resulting portfolio is said to be vega-neutral. 


Since we cannot observe the volatility directly, it is natural to try to model it as 
a random process. A huge amount of effort has gone into developing so-called 
stochastic volatility models. Fat-tailed returns distributions observed in data can 
be modelled in this framework and sometimes ‘jumps’ in the asset price can be 
best modelled by jumps in the volatility. For example if jumps occur according to 
a Poisson process with constant rate and at the time, t, of a jump, S,;/S;_ has 
a lognormal distribution, then the distribution of S; will be lognormal but with 
variance parameter given by a multiple of a Poisson random variable (Exercise 19). 
Stochastic volatility can also be used to model the ‘smile’ in the implied volatility 
curve and we end this chapter by finding the correspondence between the choice of a 
stochastic volatility model and of an implied volatility model. Once again we follow 
Davis (2001). A typical stochastic volatility model takes the form 


dS; = wS,dt+0,S,dW;, 


do, = a(S oddt + (S,.07) (paw! + J1- paw?) 


184 


BIGGER MODELS 


where {WH }>0, {W2}>0 are independent P-Brownian motions, p is a constant in 
(0, 1) and the coefficients a(x, o) and b(x, o) define the volatility model. 

As usual we'd like to find a martingale measure. If Q is equivalent to P, then its 
Radon—Nikodym derivative with respect to P takes the form 


d t A 1 t x t 1 t 
ye exp(— | 6dW!—-= | 62ds— | 0,dW2-— = | 8ds 
Ss S S S 
F, 0 2 Jo 0 2 Jo 


dP 
for some integrands {A}1>0 and {0;};>09. In order for the discounted asset price 
{Shas6 to be a Q-martingale, we choose 


The choice of {6;};>9 however is arbitrary as {o;}:>0 is not a tradable and so no 
arbitrage argument can be brought to bear to dictate its drift. Under Q, 


t 
xX] = waf ôsds 
0 


and i 
X? = waf 0,ds 
0 


are independent Brownian motions. The dynamics of {S;};>9 and {o;};>0 are then 
most conveniently written as 


dS, =r Sidt +0;S,dX} 


do; = G(S;, odt + b(S;, 0%) (oax! +4/1— pax?) 
a(S;, 01) = a(S;, 01) — DCS;, 0t) (oô +a l= per) : 


We now introduce a second tradable asset. Suppose that we have an option written 
on {S;};>0 whose exercise value at time T is ®(Sr). We define its value at times 
t < T to be the discounted value of ®(S7) under the measure Q. That is 


and 


where 


Vit, S;,07) E [et 26(Sr)| Fi]. 


Our multidimensional Feynman—Kac Stochastic Representation Theorem (combined 
with the usual product rule) tells us that the function V(t, x, øo) solves the partial 
differential equation 


ƏV av av 1 ə? V 
— (t, x, o)+rx—(t,x,0)+a(t, x, 0) — (t, x, o)+=0°x — (t, x, o) 
ot do 2 ax? 


Ox 
1 a°V ə? V 
+ -b(t,x, o — (t, x,o)+poxb(t, x, o)—— (t, x,0)—rV(t,x,0) =0. 
2 3o? 0x00 


EXERCISES 


Writing Y; = V(t, S;, o1) and suppressing the dependence of V, a and b on (t, S;, or) 
in our notation, an application of Itô’s formula tells us that 


av av aVv 102V 


dY, = dt dS d 2S dt 
ee a a a a 
a? 13?V 4 
5 3 pastels? dt 
ƏV dV. 1 333V 28° V a3? V 
= (v r Si 3x log 2 o; S; ax 2 b Jo 2 ee Jo dt 
aVv ƏV av aV 73V 
+ r$,;—dt + o,8;—dX} + a—dt + bop —dX} + b,/1 — p?—dX? 
ax ax do do do 
+ Lage’ = dt + pbo,S, oY dt+ Loy dt 
-—O Pesan T (oF 
JOE gra PR ag T a” ga? 
aVv aV ƏV 
= rY,dt + 0,8; dX} + bp —dX} +b,/1— p?dX?. 
Ox 00 00 


If the mapping o + y = V(t, x, ©) is invertible so that o = D(t, x, y) for some 
nice function D, then 


dY, =rY,dt + c(t, S;, YÐd X} + dt, Sı, Yd X? 


for some functions c and d. 

We have now created a complete market model with tradables {S;};>0 and {¥;};>0 
for which Q is the unique martingale measure. Of course, we have actually created 
one such market for each choice of {6;};>0 and it is the choice of {0;};>0 that specifies 
the functions c and d and it is precisely these functions that tell us how to hedge. 

So what model for implied volatility corresponds to this stochastic volatility 
model? The implied volatility, ô (t), will be such that Y, is the Black-Scholes price 
evaluated at (t, S+) if the volatility in equation (7.12) is taken to be ô (t). In this way 
each choice of {6;};>0, or equivalently model for {Y;};>0, provides a model for the 
implied volatility. 

There is a huge literature on stochastic volatility. A good starting point is Fouque, 
Papanicolau and Sircar (2000). 


Exercises 
Check that the replicating portfolio defined in §7.1 is self-financing. 


Suppose that {Ww} t>0 and { wÊ} t>0 are independent Brownian motions under P and 
let p be a constant with 0 < p < 1. Find coefficients {œ;; };, j=1,2 such that 


zzl 1 2 
W; = a1 W; + ai W; 


and 
W? = a W} + a2 W7 


define two standard Brownian motions under P with E [Ww w?| = pt. Is your 
solution unique? 
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BIGGER MODELS 


Suppose that F(t, x) solves the time-inhomogeneous Black-Scholes partial differ- 
ential equation 


tt D+; a7 (t)x? l; DEO a, x)—r(t)F(t, x) = 0, (7.13) 


subject to the boundary conditions appropriate to pricing a European call option. 
Substitute 
y= xe, y= FPO t= y(t) 


and choose a(t) and f(t) to eliminate the coefficients of v and oe in the resulting 
equation and y(t) to remove the remaining time dependence so that the equation 
becomes 


sor 

D Em) 

Notice that the coefficients in this equation are independent of time and there is no 
reference to r or øo. Deduce that the solution to equation (7.13) can be obtained by 


making appropriate substitutions in the classical Black-Scholes formula. 


t= 


Let {W} }>0, i = 1,...,n, be independent Brownian motions. Show that {R;}>0 
defined by 


satisfies a stochastic differential equation. The process {R;};>0 is the radial part of 
Brownian motion in R” and is known as the n-dimensional Bessel process. 


Recall that we define two-dimensional Brownian motion, {X;}:+0, by Xr = 
(Ww, W?), where { Ww} t>0 and { w2} t>0 are independent (one-dimensional) standard 
Brownian motions. Find the BONE oy backward equation for {X+};>0. 

Repeat your calculation if (w; }>0 and { Ww} t>0 are replaced by correlated Brown- 
ian motions, {Ww} }r>0 and {Ww} }>0 With {dw} dW?]= = pdt for some —1 < p < 1. 


Use a delta-hedging argument to obtain the result of Corollary 7.2.7. 


Repeat the Black-Scholes analysis of §7.2 in the case when the chosen numeraire, 
{B;}+>0, has non-zero volatility and check that the fair price of a derivative with 
payoff Cr at time T is once again 

F| 


C 
v= Bee] 
for a suitable choice of Q (which you should specify). 


Br 


Two traders, operating in the same complete arbitrage-free Black-Scholes market of 
§7.2, sell identical options, but make different choices of numeraire. How will their 
hedging strategies differ? 


Find a portfolio that replicates the quanto forward contract of Example 7.2.9. 
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EXERCISES 


A quanto digital contract written on the BP stock of Example 7.2.9 pays $1 at time 
T if the BP Sterling stock price, Sr, is larger than K. Assuming the Black-Scholes 
quanto model of §7.2, find the time zero price of such an option and the replicating 
portfolio. 


A quanto call option written on the BP stock of Example 7.2.9 is worth E (Sr — K)+ 
dollars at time T, where Sr is the Sterling stock price. Assuming the Black-Scholes 
quanto model of §7.2, find the time zero price of the option and the replicating 
portfolio. 


Asian options Suppose that our market, consisting of a riskless cash bond, {B;};>0, 
and a single risky asset with price {S;};>0, is governed by 


dB, =rB,dt, Bo =1 


and 
dS; = wS,dt + o S;dW,, 


where {W,;};>0 is a P-Brownian motion. 
An option is written with payoff Cr = ®(S7, Zr) at time T where 


f 
Z; = gnod 
0 


for some (deterministic) real-valued function g on R+ x R. 
From our general theory we know that the value of such an option at time f satisfies 


V, =e? -YE® [O(Sr, Zr)| Fi] 


where Q is the measure under which {S;/B,},;>0 is a martingale. 
Show that V, = F(t, S,;, Z+) where the real-valued function F(t, x, z) on R4 xRxR 
solves 
OF OF 1 22 F PE E AT 
ðt əx 2 3x2 Eaz ae 
F(T, x,z) = ®(x, z). 


Show further that the claim Cy can be hedged by a self-financing portfolio consisting 


at time t of 
oF 
(t, St, Zt) 
x 


Pem 


units of stock and 
=, oF 
Wy =e FG, St, Zr) — Se, Sts Ze) 


cash bonds. 


Suppose that {N;};>0 is a Poisson process whose intensity under P is {A;};>+9. Show 
that {M;}+>0 defined by 


t 
M, = N; -f Asds 
0 


is a P-martingale with respect to the o-field generated by {N;}:>0. 
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BIGGER MODELS 


Suppose that {N;};>0 is a Poisson process under P with intensity {A;};>0 and {M;};>0 
is the corresponding Poisson martingale. Check that for an {Fé }+>0-predictable 


process { f;}+>0, ; 
I fsdMs 
0 


Show that our analysis of §7.3 is still valid if we allow the coefficients in the stochas- 
tic differential equations driving the asset prices to be {F;};>9-adapted processes, 
provided we make some boundedness assumptions that you should specify. 


is a P-martingale. 


Show that the process {L;}r>0 in Theorem 7.3.5 is the product of a Poisson 
exponential martingale and a Brownian exponential martingale and hence prove that 
it is a martingale. 


Show that in the classical Black-Scholes model the vega for a European call (or put) 
option is strictly positive. Deduce that for vanilla options we can infer the volatility 
parameter of the Black-Scholes model from the price. 


Suppose that V (t, x) is the Black-Scholes price of a European call (or put) option at 
time f given that the stock price at time f is x. Prove that 2y >0. 


Suppose that an asset price {S;}r>0 follows a geometric Brownian motion with jumps 
occurring according to a Poisson process with constant intensity À. At the time, t, of 
each jump, independently, S+/Sz— has a lognormal distribution. Show that, for each 
fixed t, S; has a lognormal distribution with the variance parameter o? given by a 
multiple of a Poisson random variable. 
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Notation 


Financial instruments and the Black-Scholes model 


T, maturity time. 

Cr, value of claim at time T. 

{Snr}n>o, {St}r>0, value of the underlying stock. 
K, the strike price in a vanilla option. 

(Sr — K)4 = max {(Sr — K), 0}. 

r, continuously compounded interest rate. 

o, volatility. 


P, a probability measure, usually the market measure. 
Q, a martingale measure equivalent to the market measure. 


EQ, the expectation under Q. 


ag the Radon—Nikodym derivative of Q with respect to P. 

{S:}r>0, the discounted value of the underlying stock. In general, for a process {Y;}:>0, Yt = 
Yı / Bı where { By};>0 is the value of the riskless cash bond at time t. 

V(t, x), the value of a portfolio at time ¢ if the stock price $p = x. Also the Black-Scholes 
price of an option. 


General probability 


(2, F, P), probability triple. 

P[A|B], conditional probability of A given B. 

®, standard normal distribution function. 

p(t, x, y), transition density of Brownian motion. 

X = Y, the random variables X and Y have the same distribution. 

Z ~ N(O, 1), the random variable Z has a standard normal distribution. 
E[X; A], see Definition 2.3.4. 


Martingales and other stochastic processes 


{M;}1>0, a martingale under some specified probability measure. 
{[M]1}:>0, the quadratic variation of {M;};>0. 
{Fn}n>0; {Ft}r>0, filtration. 
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NOTATION 


{FR n>o (resp. {FF hizo), filtration generated by the process {Xn},>0 (resp. {X7}1>0). 
E[X|F], E [Xn H1 | Xn], conditional expectation; see pages 30ff. 
{W;};>0, Brownian motion under a specified measure, usually the market measure. 


X*(t), X(t), maximum and minimum processes corresponding to {X; }>0- 


Miscellaneous 


A: defined equal to. 

ô(7), the mesh of the partition z. 
f 
6' (for a vector or matrix 0), the transpose of 8. 
x > 0, x > 0 for a vector x € R”, see page 11. 


, the function f evaluated at x. 
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arbitrage, 5, 11 

arbitrage price, 5 
Arrow—Debreu securities, 11 
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attainable claim, 14 

axioms of probability, 29 


Bachelier, 51, 102 
Bessel process, 186 

squared, 109 
bid—offer spread, 21 
binary model, 6 
Binomial Representation Theorem, 44 
binomial tree, 24 
Black—Karasinski model, 110 
Black-Scholes equation, 121, 135, 136 

similarity solutions, 137 

special solutions, 136 
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Black-Scholes model 
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coupon bonds, 131 

dividends 

continuous payments, 126 
periodic payments, 129 

foreign exchange, 123 

general stock model, 160 

multiple assets, 163 

quanto products, 173 

with jumps, 175 
Black-Scholes pricing formula, 45, 120, 135 
bond, 4 

coupon, 131 

pure discount, 131 
Brownian exponential martingale, 65 
Brownian motion 

definition, 53 

finite dimensional distributions, 54 


hitting a sloping line, 61, 69 
hitting times, 59, 66, 69 
Lévy’s characterisation, 90 
Lévy’s construction, 56 
maximum process, 60, 69 
path properties, 55 
quadratic variation, 75 
reflection principle, 60 
scaling, 63 

standard, 54 

transition density, 54 

with drift, 63, 99, 110 


cadlag, 66 

calibration, 181 

cash bond, 5 

Central Limit Theorem, 46 

chain rule 
Itô stochastic calculus, see It6’s formula 
Stratonovich stochastic calculus, 109 

change of probability measure 
continuous processes, see Girsanov’s Theorem 
on binomial tree, 97 

claim, 1 

compensation 
Poisson process, 177 
sub/supermartingale, 41 

complete market, 9, 16, 47 

conditional expectation, 30 

coupon, 131 

covariation, 94 

Cox—Ross—Rubinstein model, 24 


delta, 122 

delta hedging, 135 

derivatives, 1 

discounting, 14, 32 

discrete stochastic integral, 36 

distribution function, 29 
standard normal, 47 
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dividend-paying stock, 49, 126 
continuous payments, 126 
periodic dividends, 129 
three steps to replication, 127 

Doléans—Dade exponential, 177 

Dominated Convergence Theorem, 67 

Doob’s inequality, 80 

doubling strategy, 113 


equities, 126 
periodic dividends, 129 
equivalent martingale measure, 15, 33, 115 
equivalent measure, 15, 37, 98 
exercise boundary, 151 
exercise date, 2 
expectation pricing, 4, 14 


Feynman—Kac Stochastic Representation 
Theorem, 103 
multifactor version, 170 
filtered probability space, 29 
filtration, 29, 64 
natural, 29, 64 
forward contract, 2 
continuous dividends, 137 
coupon bonds, 137 
foreign exchange, 20, 124 
periodic dividends, 131, 137 
strike price, 5 
forward price, 5 
free boundary, 152 
FTSE, 129 
Fundamental Theorem of Asset Pricing, 12, 15, 
38, 116 
futures, 2 


gamma, 122 

geometric Brownian motion, 87 
Itô’s formula for, 88 
justification, 102 
Kolmogorov equations, 106 
minimum process, 145 
transition density, 106 

Girsanov’s Theorem, 98 
multifactor, 166 
with jumps, 178 

Greeks, 122 
for European call option, 136 

guaranteed equity profits, 129 


Harrison & Kreps, 12 
hedging portfolio, see replicating portfolio 
hitting times, 59; see also Brownian motion 


implied volatility, see volatility 
in the money, 3 
incomplete market, 17, 19 
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infinitesimal generator, 105 
interest rate 
Black—Karasinski model, 110 
continuously compounded, 5 
Cox-Ingersoll—Ross model, 109 
risk-free, 5 
Vasicek model, 109, 110 
intrinsic risk, 19 
It6 integral, see stochastic integral 
It6 isometry, 80 
Itô’s formula 
for Brownian motion, 85 
for geometric Brownian motion, 88 


for solution to stochastic differential equation, 


91 
multifactor, 165 
with jumps, 176 


Jensen’s inequality, 50 
jumps, 175 


Kolmogorov equations, 104, 110 
backward, 105, 186 
forward, 106 


L?-limit, 76 

Langevin’s equation, 109 
Lévy’s construction, 56 
Lipschitz-continuous, 108 
local martingale, 65 
localising sequence, 87 
lognormal distribution, 4 
long position, 2 


market measure, 33, 113 
market price of risk, 134, 179 
market shocks, 175 
Markov process, 34, 49 
martingale, 33, 49, 64 
bounded variation, 84 
square-integrable, 100 
martingale measure, 15 
Martingale Representation Theorem, 100 
multifactor, 168 
maturity, 2 
measurable, 29 
mesh, 73 
model error, 181 
and hedging, 181 
multifactor model, 163 
multiple stock models, 10, 163 
mutual variation, 94 


Novikov’s condition, 98 
numeraire, 126 
change of, 20, 125, 171 
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option, 2 optional time, see stopping time 


American, 26, 42, 150 
call on dividend-paying stock, 49 


call on non-dividend-paying stock, 27, 50 


cash-or-nothing, 157 

exercise boundary, 151 

free boundary value problem, 152 
hedging, 43 

linear complementarity problem, 152 
perpetual, 157, 158 

perpetual put, 153 


put on non-dividend-paying stock, 27, 48, 


157, 158 
Asian, 149, 157, 187 
asset-or-nothing, 155 
barrier, 145, 148 
binary, 140 
call, 2, 127 
coupon bonds, 137 
dividend-paying stock, 127, 137 
foreign exchange, 137 
call-on-call, 143 
cash-or-nothing, 48, 140 
chooser, 156 
cliquets, 143 
collar, 154 
compound, 143 
contingent premium, 155 
digital, 20, 48, 140, 154, 155 
double knock-out, 149, 157 
down-and-in, 145, 147, 157 
down-and-out, 145, 148, 156 
European, 2 
hedging formula, 8, 25, 121 
pricing formula, 8, 23, 45, 118 
exotic, 139 
foreign exchange, 17, 122 
forward start, 48, 141 
guaranteed exchange rate forward, 172 
lookback call, 145 
multistage, 142 
on futures contract, 156 
packages, 3, 18, 139 
path-dependent, 144; see also (option) 
American, Asian 
pay-later, 155 
perpetual, 137, 157 
put, 2 
put-on-put, 156 
ratchet, 155 
ratio, 142 
up-and-in, 145 
up-and-out, 145 
vanilla, 3, 139 
see also quanto 


Optional Stopping Theorem, 39, 49, 66 


Ornstein—Uhlenbeck process, 109 
out of the money, 3 


packages, 3, 18, 139 

path probabilities, 26 

payoff, 3 

perfect hedge, 6 

pin risk, 141 

Poisson exponential martingale, 177 

Poisson martingale, 177, 187 

Poisson random variable, 175 

positive riskless borrowing, 14 

predictable, 36, 78 

predictable representation, 100 

previsible, see predictable 

probability triple, 29 

put—call parity, 19, 137 
compound options, 156 
digital options, 154 


quadratic variation, 75, 108 
quanto, 172 
call option, 187 
digital contract, 187 
forward contract, 172, 186 


Radon-Nikodym derivative, 97, 98 
random variable, 29 

recombinant tree, 24 

reflection principle, 60 

replicating portfolio, 6, 23, 44 

return, 4 

Riesz Representation Theorem, 12 
risk-neutral pricing, 15 

risk-neutral probability measure, 13, 15 


sample space, 29 
self-financing, 23, 26, 35, 113, 127, 137 
semimartingale, 84 
Separating Hyperplane Theorem, 12 
Sharpe ratio, 134 
short position, 2 
short selling, 6 
o-field, 29 
simple function, 79 
simple random walk, 34, 39, 49, 51 
Snell envelope, 43 
squared Bessel process, 109 
state price vector, 11 
and probabilities, 14 
stationary independent increments, 52 
stochastic calculus 
chain rule, see It6’s formula 
Fubini’s Theorem, 96 
integration by parts (product rule), 94 
multifactor, 166 


stochastic differential equation, 87, 91 
stochastic integral, 75 
discrete, 36 
Itô, 78, 83 
integrable functions, 81 
Stratonovich, 78, 108 
with jumps, 176 
with respect to semimartingale, 83 
stochastic process, 29 
stopping time, 38, 59 
straddle, 4 
Stratonovich integral, 78, 108 
strike price, 2 
submartingale, 33 
compensation, 41 
supermartingale, 33 
and American options, 42 
compensation, 41 
Convergence Theorem, 41 


theta, 122 
three steps to replication 
basic Black-Scholes model, 118 


continuous dividend-paying stock, 127 
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discrete market model, 45 
foreign exchange, 123 
time value of money, 4 
tower property, 32 
tradable assets, 123, 126, 130 
and martingales, 133 
transition density, 54, 104-106 


underlying, 1 


vanillas, 139 
variance, 54 
variation, 73 
and arbitrage, 73 
p-variation, 73 
vega, 122 
vega hedging, 183 
volatility, 120 
implied, 120, 181 
smile, 181, 183 
stochastic, 183 
and implied, 183 


Wiener process, see Brownian motion 


